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Abstract. We show that given a Frobenius algebra there is a unique notion of 
its second quantization, which is the sum over all symmetric group quotients of 
n— th tensor powers, where the quotients are given by symmetric group twisted 
Frobenius algebras. To this end, we consider the setting of Frobenius algebras 
given by functors from geometric categories whose objects are endowed with 
geometric group actions and prove structural results, which in turn yield a 
constructive realization in the case of n-th tensor powers and the natural 
permutation action. We also show that naturally graded symmetric group 
twisted Frobenius algebras have a unique algebra structure already determined 
by their underlying additive data together with a choice of super— grading. 
Furthermore we discuss several notions of discrete torsion and show that indeed 
a non-trivial discrete torsion leads to a non— trivial super structure on the 
second quantization. 
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Introduction 

In "stringy" geometry evaluating a functor from a geometric to a linear category 
on a group quotient is generally a two step process. The first is to evaluate the 
functor not only on the object, but to form the direct sum of the evaluations on all 
of the fixed point sets. The new summands corresponding to group elements which 
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are not the identity are usually named twisted sectors. The second step is to find 
a suitable group action on the twisted sectors and take group invariants. 

If the objects in the linear category also have an algebra structure there is an 
additional step, i.e. to find a new algebra structure that is not the diagonal one 
which is canonically present, but a group graded one. 

If there is also a natural pairing such that the original functor have values in 
Frobenius algebras, then the result of the "stringy" extension of this functor should 
have values in G-twisted Frobenius algebras which were introduced for this purpose 
in [K2]. 

In particular, the question of importance is the step of finding the suitable multi- 
plication. The theory of G-twisted Frobenius algebras is exactly tailored to classify 
the possible multiplicative structures. 

We address this matter in the present paper once more in the general case of 
intersection Frobenius algebras and in the special case of symmetric group quotients 
which are naturally intersection Frobenius algebras. 

The class of intersection Frobenius algebras incorporates the fact that all geo- 
metric construction of Frobenius algebras via functors from geometric categories 
with geometric group actions actually have a much richer structure which can be 
used to provide further constraints on the nature of the twisted multiplication. 

We apply these general results to the case of symmetric group quotients of powers 
of Frobenius algebras. 

The main result here is that there is a unique multiplicative structure that makes 
the canonical extension of the n-th tensor power of a Frobenius algebra into a 
symmetric group twisted Frobenius algebra. 

This uniqueness has to be understood up to a twist by discrete torsion which 
is always possible and up to a super re-grading. The former is parametrized by 
Z 2 (S n , k*) and up to isomorphism by H 2 (S n , k*) = Z/2Z and the latter is also a 
choice in Z/2Z which renders everything either purely even or super-graded. 

This result should be read as the statement that there is a well defined notion of 
second quantized Frobenius algebra. Recall that in the spirit of [DMVV,D1] second 
quantization in an monoidal category with a notion of symmetric quotients is given 
by: 

Second quantization of X = cxp(X) = J2 n X xn /S n , 
where S„ is acting by permutations on the factors and the sum may be formal or 
contain a bookkeeping variable (e.g. q n ). From our result, we expect that one can 
also easily derive a definition of second quantized motives. All the objects are pow- 
ers of the original object and the morphisms are given by structural morphisms. It 
would be interesting to explicitly see the multiplication in terms of correspondences. 

Furthermore we discuss several notions of discrete torsion and show that indeed 
a non-trivial discrete torsion leads to a non-trivial super structure on the second 
quantization. 

The paper is organized as follows. In §1 we review our definitions of [K2, K3] of 
G-twisted and special G-twisted Frobenius algebras. In the latter the multiplica- 
tion and group action can be described by group cocycles and non-abelian group 
cocycles, respectively. Besides fixing and recalling the notation and definitions, we 
add several useful practical Lemmas as well as a new description of the non-abelian 
cocycles in terms of ordinary group one-cocycles with values in tori. The second 
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paragraph contains the functorial setup of the general question posed in the intro- 
duction, i.e. to identify the underlying additive data and the possible extensions of 
this data by "stringy" product to the right type of group quotient algebra. 

In §2 we also introduce the notion of intersection categories, which reflect the 
geometrical setups with geometrical group actions which are used for the known 
construction of Frobenius algebras such as cohomology, quantum cohomology, sin- 
gularity theory, etc.. This setup is carried over to the Frobenius side in §3 where we 
prove general results about the structure of the cocycles in the special G-twisted 
Frobenius algebra case. These results are also the key to understanding the second 
quantization. Furthermore we introduce the notion of algebraic discrete torsion, 
which generalizes the case of discrete torsion for Jacobian algebras of [K3] and 
provides the discrete torsion that is linked to the super-structure of second quan- 
tization. 

In order to give a clearer view of the geometry involved in the second quanti- 
zation, it is useful to also consider the case of Jacobian Frobenius algebras and 
their second quantization. The relevant notions of Jacobian Frobenius algebras are 
recalled in §4. 

We then start our consideration of S„-twisted Frobenius algebras. §5 contains 
general results about these structures. The main results of this section are the 
classification of possible non-abelian group cocycles and the uniqueness (up to 
normalization) of "stringy" products given a group grading compatible with the 
natural grading on S„. Before applying these results to general symmetric powers, 
we work out all the details in the case of the n-th tensor power of a Frobenius 
algebra in §6 and also show the existence of the natural S n -twisted Frobenius 
algebra based on the n-th tensor power. Here we also recover the known discrete 
torsion corresponding to the non-trivial Schur multiplier. 

Using the geometric insight of the previous paragraph we turn to the general 
case of the n-th tensor power of a Frobenius algebra in §7 and show that there 
is a unique (up to a choice of parity for the group action) natural extension of 
n-th tensor power to a S„-twisted Frobenius algebra, establishing the existence of 
second quantized Frobenius algebras. There are two versions, a purely even one a 
and super symmetric one. Passing from one to the other can be viewed as turning 
on a natural algebraic discrete torsion. Lastly, we relate our results to the ones of 
[LS]. 

There are also two appendices. The first contains a key result on the possible 
form of non-abelian S„ cocycles and the second contains the detailed version of the 
proof of normalizability of §5. 
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Notation 

We denote by n := {1, . . . , n}. Furthermore, we fix k to be a field of characteristic 
0. The reader can think of C if he or she wishes. The theory is the same if k 
is a super-commutative Q algebra and (super-)vector spaces and dimensions are 
replaced by free modules and ranks. Finally, if we fix a group G then all remains 
true for a field of a characteristic prime to G|. 

1. Orbifold Frobenius algebras 

Recall the following definitions first presented in [K2] and contained in [K3] . 
We fix a finite group G and denote its unit element by e. 

1.1. Definition. A G-twisted Frobenius algebra (or G-Frobenius algebra for short) 
over a field k of characteristic is < G, A, o, 1, r/, ip, \ >, where 
G finite group 

A finite dim G-graded fc-vector space 
A = (SgecAg 

A e is called the untwisted sector and 

the A g for g ^ e are called the twisted sectors. 

a multiplication on A which respects the grading: 
o : A g <E> A h — > A gh 

1 a fixed element in A e -t\ie unit 
rj non-degenerate bilinear form 

which respects grading i.e. n\A rj ®A h = unless gh = e. 
ip an action by algebra automorphisms of G on A, 

ip G Hom fe _ a ; g (G, A), s.t. ifg(A h ) c A ghg -i 
X a character x & Hom(G, k*) 

satisfying the following axioms: 

Notation. We use a subscript on an element of A to signify that it has ho- 
mogeneous group degree -e.g. a g means a g G A g -, and we write ip g :~ ip(g) and 
X g ■= x(.9)- We also drop the subscript if a G A e . 

a) Associativity 

(a g o a h ) o a k = a g o (a h o a k ) 

b) Twisted commutativity 

a g oa h = ip g {a h ) o a g 

c) G Invariant Unit: 

1 o a g = a g o 1 = a g 
and 

d) Invariance of the metric: 

n(a g , a h o a k ) = r/(a g o a h , a k ) 

i) Projective self-invariance of the twisted sectors 

{ P 9 \Ag=Xg 1 id 

ii) G-Invariance of the multiplication 

(fik(a g o a h ) = (f k (a g ) o ip k {a h ) 

iii) Projective G-invariance of the metric 

<P*g(V] =Xg 2 "t 

iv) Projective trace axiom 
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Vc G A\ g M and l c left multiplication by c: 
XhTr(l c ip h \ Ag ) = Xg-i r &(<Pg- 1 lc\A h ) 
An alternate choice of data is given by a one-form e, the co-unit with e G 
A* e and a three-tensor (•, •, •) G A* ® A* <g> A* which is of group degree e, i.e. 
(•, •, ')\A a ®A h ®A h = unless ghk = e. 

The relations between 77,0 and e,/z are given by dualization. 
We denote by p G A e the element dual to e G A* and Poincare dual to 1 G A e . 
In the graded case, we call the degree d of p the degree of A. This means that 77 
is homogeneous of degree d. 

1.2. Super-grading. We can enlarge the framework by considering super-algebras 
rather than algebras. This will introduce the standard signs. 

The action of G as well as the untwisted sector should be even. The axioms that 
change are 

b a ) Twisted super-commutativity 

a g oa h = {-l) a <i ah ipg(ah) ° a g 
iv CT ) Projective super-trace axiom 

Vc G Atgu and l c left multiplication by c: 
XhSTr(l c <p h \ Ag ) = x g -iSTr((f g -il c \ Ah ) 
where STr is the super-trace. 

Here we denoted by a the Z/2Z degree of o. 

1.3. G— graded tensor product. Given two G-Frobenius algebras (G, A, o, 1, 77, ip, x) 
and (G, A',o',l',r]',(p', x!) we defined |K1| their tensor product as G-Frobenius al- 
gebras to be the G-Frobenius algebra 

< G - ® 9 eG( A 9 ® A' g ), o (g) o', 1 (g) 1', ry ® ?/, ^ ® y/, x ® x '). 
We will use the short hand notation Ac|> A' for this product. 

1.4. Grading and Shifts. 

1.4.1. Notation. We denote by p g G A g the element defining r\ g and by d g := 
deg(p g ) the degree of A g and s g :— deg(l a ) will be called the degree shift. We also 
set 

4 ■= \( s (9) + sig- 1 )) s- := \{s{g) - s{g^)) 

the degree defect. 

Notice that d = d e if d denotes the degree of A given by 77. 
By considering n\A a ®A _i we find: 

1.4.2. Lemma. [K3] 

4 = d ^ d 9 

Notice there is no restriction (except anti-symmetry) on s~. 
The shift s _ is not fixed, however, there is a standard choice provided there 
exists a canonical choice of linear representation of G. 
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1.4.3. Definition. The standard shift for a G-Frobenius algebra with a choice 
of linear representation p : G — > GL n (k) is given by 

s+ :=d-d g 

and 

s- ■= ^tr(log( 5 )) trClogCff- 1 )) := ±(£ h(g) - £ Z^ 1 )) 



E - 1) 



, '2iri 

where the h(g) are the logarithms of the eigenvalues of p(g) using the branch with 
arguments in [0, 2tt) i.e. cut along the positive real axis. 
In total we obtain: 

s g = \{st + s-) = \{d-d g )+ £ (^-Mg) \) 

1.4.4. Remark. This grading having its origin in physics specializes to the so- 
called age grading or the orbifold grading of |CR| in the respective situations. 

1.5. Special G Frobenius algebras. 

1.5.1. Definition. We call a G-Frobenius algebra special if all A g are cyclic A e 
modules via the multiplication A e ® A g — > A g and there exists a collection of cyclic 
generators l g of A g such that ip g (lh) = <p g ,h{ g hg- 1 with ip g _h € k* . 

The last condition is automatic, if the Frobenius algebra A e only has k* as 
invertibles, as is the case for cohomology algebras of connected compact manifolds 
and Milnor rings of quasi-homogeneous functions with an isolated critical point at 
zero. 

Fixing the generators l g we obtain maps r g : A e — > A g by setting r g (a e ) = a e l g . 
This yields a short exact sequence 

(1.1) o -» 7 fl -» A e ^ A fl -> 

It is furthermore useful to fix a section i g of r g . 
We denote the concatenation ir g :— i g o i g . 

1.5.2. Special super G— Frobenius algebra. The super version of special G- 
Frobenius algebras is straightforward. Notice that since each A g is a cyclic A e - 
algebra its parity is fixed to be (— I) 9 := l g times that of A e . I.e. a g — i g (a g )l g 

and thus a g = i g (a g )l g . In particular if A e is purely even A g is purely of degree g. 

1.5.3. Frobenius algebra structure on the twisted sectors. Recall that 
the A g are Frobenius algebras by the multiplication 

(1.2) agO g bg=ig{ag)ig(bg)lg 

and metric 

(1.3) r) g {a g ,b g ) := r](i g (a g )l g , i g (b g )l g -i) 
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1.5.4. Definition. Given a Frobenius algebra A e and a collection of cyclic A e - 
modules A g : g 6 G a graded cocycle is a map 7 : G x G — > A e which satisfies 

l(9, h )l(gh, k) ee 7(5, hk)-f(h, k) mod I ghk 

Such a cocycle is called section independent if 

(Ig + Ihhg,h C I gh 

Two such cocycles are considered to be the same if 7 9i ft, ee 7^ mod I g h and 
isomorphic, if they are related by the usual scaling for group cocycles. 

Given non-degenerate parings n g on the A g , a cocycle is said to be compatible 
with the metric, if 

fgO-g) =7(.9,.9 _1 ) 

where f is the dual in the sense of vector spaces with non-degenerate metric. 

1.5.5. The multiplication. Fixing a cyclic generator l g G A g , the multiplica- 
tion defines a section independent graded cocycle 7 compatible which is compatible 
with the metric. The cocycle 7 is defined via 

= lg,b\g,h 

The section independence follows from the fact that 

{Ig + hhg.hlgh = (Ig + Jfc)l fl lfc = 

In general, the multiplication is thus given by 

(1-4) a g b h = ig{a g )i h (b h )^ g ^ h l gh 

for any choice of sections i g . 

The compatibility with the metric follows from the following equation which 
holds for all a E A e : 

V(lg, g -i,a) = fj(ol fl ,l fl -i) = r](r g (a),l g -i) = rj g {l g ,r g (a)) = r](r g (l g ),a) 

1.5.6. The G— action on the twisted sectors. Consider a non-abelian cocycle 
ip which is defined as a map G x G — > k* satisfying: 

(1-5) ip g h,k = <Pg,hkh- ll Ph,k 

and 

(!- 6 ) fe,g = <fg,e = 1 

where we used the notation ip 3t h = (p(g, h) 
The G-action defines such a cocycle via 

iPg(l h ) = iPg th l ghg -l 

and in general the G-action is reduced to the one on the non-twisted sector via 

(1-8) <Pg{ah) = ( p(9)(ih{a h ))(p g jA g hg-^ 

for any choice of sections ih- 
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1.5.7. The compatibility equations. The cocycles furthermore satisfy the fol- 
lowing two compatibility equations: 

(!- 9 ) VgMlghg-Kg = lg,h 

and 

(1-10) ^k^^PkMlkgk-^khk- 1 = Vk{lg,h)Vk,gh 

We call a pair of a section independent cocyclc and a non-abelian cocycle com- 
patible if they satisfy the equations l|1.9|) and l|1.10f> . 

1.6. Definition. A special G reconstruction datum is a collection of Frobenius 
algebras (A gi rj g , l g ) : g G G together with an action of G by algebra automorphisms 
on A e and the structure of a cyclic A e module algebra on each A g with generator 
l g such that A g and A~ x are isomorphic as A e modules algebras. 

1.7. Theorem. (Reconstruction |K2| ) Given a special G reconstruction datum the 
structures of special G-Frobenius algebras are in 1-1 correspondence with compat- 
ible pairs of a graded, section independent G 2-cocycle with values in A e that 
is compatible with the metric and a non-abelian G 2-cocycle with values in K*, 
satisfying the following conditions: 

i) Vg,g = Xg 1 

ii) ri e (ip g (a),ipg(b)) = X g 2 Ve{a,b) 

iii) The projective trace axiom Vc (E A^ g h ^ and l c left multiplication by c: 
(1-11) XhTr(lc<Ph\A g ) = Xg-iTrO^-iZcK) 

1.8. Rescaling. Given a special G-Frobenius algebra, we can rescale the cyclic 
generators by l g , i.e. we take the same underlying G-Frobenius algebra, but rescale 
the maps r g to r g with l g — r g {\) = l g l g . We also fix l e — 1 to preserve the 
identity. 

This yields an action of Map pointod spaccs (G, fc*) on the cocycles 7 and tp preserv- 
ing the underlying G-Frobenius algebra structure. 
The action is given by: 

Iglh 
Igh 

(1-12) ip g ,h ^ <Pg,h = , <Pg,h 

l ghg- % 

1.8.1. Remark. We can introduce the groups associated with the classes under 
this scaling and see that the classes of 7 correspond to classes in H 2 (G,A). We 
can also identify the non-abelian cocycles ip with one-group cocycles with values 
in fc*[G] where we treat k*[G] as an abclian group with diagonal multiplicative 
composition 

(1-13) l 9d) ■ Vhh) ■■= X) 

g h g 

and G-action given by conjugation: 
(1-14) s(g)(J2lhh) = J2 l h9hg- 1 

h h 
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This is done as follows: 

We view the collection ip gi . as an element of k*[G] via 

(1-15) <p g ~ ^Vg^ghg' 1 

h 

then 

<fgh = s(g)<ph ■ (fig 

Indeed 

s(g)Vh-V>g = s{g)(^ip h . k hkh^ 1 ) - ^ifg^gkg^ 1 

k k 

= ^2<fh,kghkh~ 1 g- 1 -^ipg^gkg' 1 

k k 

= ^2 Vh,kV g ,hkh-^ ghkh^g- 1 
k 

= ^fgh^kig^kighy 1 

k 

In this identification, equivalence under scaling corresponds to taking cohomol- 
ogy classes. 

The trivial cocycles are of the form s(g)a ■ a" 1 with a — J2^g9 

(1.16) s(g)a ■ a- 1 = ^ Hhghg- 1 ■ ^ = ^ —^—h 

h h h Vghg- 1 

and 

(1.17) (p g = ^<p g ,hghg~ 1 ^^^PgMghg^^-^—ghg- 1 = ip g ■ (s(g)a-a~ 1 ) 

h h L Bhg 1 

with a = Ifrh. 

It is clear that we could also take logarithms of the ip and then we would get 
cocycles with values in k[G], but there is the problem of choosing a cut as it man- 
ifests itself in the setting of special G-Frobenius algebras in the definition of the 
degree shifts. 

1.8.2. Lemma. Let A and A g be a graded Frobenius algebras with the top 
degree of A g being d g then for a section independent cocycle 7 gjS -i cLci e with 

dim(L) = dim(Ag 3 ), where the superscript denotes a fixed degree. 
Proof. 

By section independence 

hlg.g- 1 = 

Thus 

7fllff -i G (*g(A g y) d - s s 
where * is the dual w.r.t. the form 77 and we use the splitting induced by the sections 
i (N.B. if x] is also positive definite, we could use an orthogonal splitting) 

(1.18) A k =I k g ®{lg(Ag)) k 

and superscripts denote fixed degree. Furthermore 

dM(t g (A g y) d *) = dim(i g (A g ) d s) = dim(^) - dim(/ 9 ) = 
dim(A d f) - dim(Ker(r 9 )| A d s ) = dim(Im(r g )| A£is ) = dim(,4g 9 ) 
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where we used the non-shifted grading on A g . Thus j g „-i is fixed up to a constant. 

If dim A g = 1 then 7 9l9 -i is fixed up to normalization by the condition of section 
independence. The freedom to scale 7 9l9 -i is the same freedom one has in general 
for choosing a metric for an irreducible Frobenius algebra. Recall that in this case 
the space of invariant metrics is one dimensional. 

1.9. Lemma. If a = i g (a g ) G i g {A g ) then a"/ gg -i — f g (a g ) and furthermore 
*s(^s)* = "fg,g^ 1 ^g(^g) where * is the Poincare dual w.r.t. r\ and the splitting 
(|1.18|l . Moreover if al g = then a = aj gg -i for some a £ i g (A g ). 

Proof. For the first statement notice that: 

V{ig(a g hg,g-^b) = r) g {a gi r g {b)) 

the second and third statement follow from this using the non-degenerate nature 
of rj, rj g and the splitting Q1.18|l . N.B. The statement is actually independent of the 
choice of splitting. 

1.10. Proposition. If j gi h — then 7T/t(7 9 , 9 -i) = and 71-3(7/^-1) = 
Proof. 

If l g ,h = then 

= Kh{lg-l,ghlg,h) = Khhg-^gje.h) = ^h{lg-^,g) = Xh(lg,g-l) and alsO 
= ^gilgJilghM-^) = ^g{lg,elh-\h) = ^g{lh.h-^) 

1.11. Definition. We call A g and Ah transversal if s g + Sh = s g h and s g -i +s h -i = 
S(gh)- 1 - 

From the section independence, we obtain: 

1.11.1. Lemma. If A is irreducible and A g and Ah are transversal and 7 9i /j ^ 
then 

Ig + Ih = Igh 

1.12. Proposition. The converse of II. 101 it true if A g and Ah are transversal. 
Proof. If A g and Ah are transversal then deg(7 g! /,.) = and 7 g ^ 6 k. The same 

holds for 7(,-i.-j, By associativity: 

Iglftl/i-ilg-i = 7/i, h- 1 Ig^- 1 — lgJilh~ 1 .,g- 1 l(gh).(gh)- 1 

and since 7(gh),( 9 fc)- 1 7^ 0, we see that if j g ji 7^ and 7^-1,3-1 7^ then 
7fc,h- 1 7g, 9 - 1 7^ so 7r/,(7 flj9 -i) 7^ and 7r fl (7 fciA -i) 7^ 0. 

1.13. Lemma. If [5, /i] = e 



(1-19) <Pg,h = fkgk-^khk- 1 

Proof. <p k gk-i,khk-i = VkJi^g,h^k-\khk-^ = Vk,h<P g ,h<Pk)l = 
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2. Discrete Torsion 

2.1. The twisted group ring /c Q [G]. Recall that given an element a e Z 2 (G,k*) 
one defines the twisted group ring /c Q [G] to be given by the same linear structure 
with multiplication given by the linear extension of 



(2.1) g <E> h i— > a(g,h)gh 

with 1 remaining the unit element. To avoid confusion we will denote elements of 
k a [G] by g and the multiplication with • Thus 

g-h = a(g, h)gh 
For a the following equations hold: 

(2.2) a(g,e)=a(e,g) = l, a(g , g' 1 ) = a(g~ x , g) 
Furthermore 



and 



9 1 = / 1 _ n g 1 
a[9,9 ) 

- f --i a>(g,h)a(gh,g- 1 ) -r~^- a(g,h) --—^ h \~T~^i 

9-h-g = —- ghg 1 = - ghg 1 = e(g, h)ghg 1 

a(g,9 l ) a(ghg \g) 



with 

/ ,x <*(g,h) 
(2-3) e(jg,h)'- 



a{ghg l ,g) 

2.1.1. Remark. If the field k is algebraically closed we can find a representative 
for each class [a] € H 2 (G, k* ) which also satisfies 

2.1.2. Supergraded twisted group rings. Fix a E Z 2 (G, k*),a £ Hom(G, Z/2Z) 
then there is a twisted super-version of the group ring where now the relations read 



(2.4) gh = a(g, h)gh 
and the twisted commutativity is 

(2.5) gh=(-iy^W<p g (h)g 
and thus 

(2.6) ip g (h) = (-l)'("W k )tt(j, h)a(gh, s^S^T 1 =: Vg^ghP 1 
and thus 

(2.7) e(g,h):=<P g ,H = (-ir (9Mh) - 



a{ghg l ,g) 

We would just like to remark that the axiom iv <J ) of 11.21 shows the difference 
between super twists and discrete torsion. 

2.2. Definition. We denote the a-twisted group ring with super-structure a by 
k a ' a [G\. We still denote fc Q '°[G] by /c Q [G] where is the zero map and we denote 
k°- a [G] just by k a [G] where is the unit of the group H 2 (G, k*). 
A straightforward calculation shows 
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2.3. Lemma. k a ' a [G] = k a [G] ® k a [G]. 

2.3.1. The G-Frobenius Algebra structure of k a [G}. Fix a G Z 2 (G,k*). 
Recall from |K11 IK2| the following structures which turn k a [G] into a special G— 
Frobenius algebra: 

J g ,h = a{g,h) iji^g- 1 ) = aig^g' 1 ) 
(2-8) * = (-!)* ^-^- )=i ^H) 

2.3.2. Relations. The e(g, h) which are by definition given as e(g, h) := a ^ g h \ h ) 
satisfy the equations: 

(2-9) e(g,e) = e(g,g) = l 

e(9m,h) = e(g 1 ,g 2 hg 2 ' 1 )e(g 2 ,h) 

ii, u\ n \ (u . Mkgk^.khk- 1 ) 

e(k,gh) = e(k, g)e(k, h)- 



a(g,h) 

(2.10) e(h,g) = eig-'^hg- 1 ) 



-l u -l^ a (i9, h ], h ) 



u([g,h],hgh !) 
This yields for commuting elements: 



e (s, e ) = e(g,g) = 1 e(g,h) = e{h 1 ,g) = e(h,g) 1 
(2.11) e(gig 2 ,h) = e(gi,h)e(g 2 , h) e(h, gig 2 ) = e(h, gi)e(h, g 2 ) 

In the physics literature discrete torsion is sometimes defined to be a function 
e defined on commuting elements of G taking values in U(l) and satisfying the 
equations H2.11JI . 

2.4. The trace axiom. The trace condition for non-commuting elements reads 

(-l)' l (-l) fl '(ph,gl[g,h],hgh-i = (~1) S '(-l)Vff- 1 ,ghg-^\g,h},^ 

stripping off the sign, we rewrite the l.h.s. as 

<Ph,g7[ g ,h],hgh-igh = tph, g 'Y~l\g,h]hgh- l h 

= Ph,gJ[g : h]JigJhgh-\hlg y lgh = 7[g > MM^glgX 9 * 1 

and the r.h.s. can be rewritten as 

<Pg-l,ghg-i7[g,h],hgh = <p g -i .ghg-^'hg-i , g [ffi 

= t Pg-i,gh9- 1 1\s,h]M'Yh < gJghg-i,gg h = l[gM^glh,glgX ah 
which coincides with the calculation above. 

This is of course all clear if \g, h] = e, but there is no restriction that the group 
be commutative. 

2.4.1. Remark. The function e can be interpreted as a cocycle in Z 1 (G, k*[G]) 
where k*[G] are the elements of k[G] with invertible coefficients regarded as a G 
module by conjugation (cf. |KlllK2p . This means in particular that on commuting 
elements e only depends on the class of the cocycle a. 
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2.5. Theorem. The possible super G Frobenius algebra structures on A = Q) geG k 
are the structures of super twisted group rings. The isomorphism classes of these 
algebras correspond to pairs of a class [a] G H 2 (G, K*) and a homomorphism 
a G Hom(G, Z/2Z). 

Proof. Assume that we have a G Frobenius algebra structure on A then it is 
a special G-Frobenius algebra since 1 £ A e is the unit. Then due to the non- 
degeneracy of the metric 7 s , 9 -i G k* furthermore 7r/i(7 fl , 9 -i) = lg,g- x ) £ k* and 
thus bv 11.101 Vo. h G G : j g> h € fe*, thus 7 G Z 2 (G, fc*) and by compatibility the 
ip are fixed. Lastly, since j 9i h G k* and "f g _h = the supergrading ~ must be a 
homomorphism, i.e.~G Hom(G, Z/2Z). 

Vice versa the construction above shows that given a cycle a G Z 2 (G, k*) and a 
homomorphism cr G Hom(G, Z/2Z) we get a structure of super G Frobenius algebra 
with the underlying data. 

The statement about the isomorphisms classes follows directly from rescaling. 

2.6. The action of discrete Torsion. 

2.6.1. The action of Z 2 (G, fc*). The group Z 2 (G, k*) acts naturally on Z 2 (G, A) 
via (a, 7) 1— > 7" := 7 • a and on ff 1 (G, fc*[G]) via (a,</?) 1— > := e a ■ ip were 
e (oh)- a{9,h) 1 

We call this action action by a twist or by the discrete torsion a. 

2.7. Definition. Given a G-Frobenius algebra A and an element a G Z 2 (G, fc), we 
define the a-twist (or the twist by the discrete torsion a) of A to be the G-Frobenius 
algebra A a := A®fc"[G]. 

2.8. Proposition. Notice that as vector spaces 
(2.12) Ag = A g ® k ~ A g 

Using this identification the G-Frobenius structures given by (|2.12|) are 

° Q U«®A« = a(g,h)o (p^\ A c.=e(g,h)(p g 
(2-13) lli^^afes" 1 )*) X 3 =X 3 

2.9. Lemma. Let (G, A, o, 1, 77, y>, %) be a G-Frobenius algebra or more generally 
a super Frobenius algebra with super grading ~ G Hom(A, Z/2Z) then A eg) k a [G] 
is isomorphic to the super G-Frobenius algebra (G, A, o CT , 1, ry 17 , < f o ', x a ) with super 
grading where 

°°\ Ag ®A h = (-1)^0 = (-l)-W-W^, 

«s = ~ a a + Ha) 

2.10. Definition. Given a G-Frobenius algebra A a twist for A is a pair of func- 
tions (I : G x G — » fc* , fi : G x G — > fc*) such that A together with the new G-action 

ip l (g){a) = ® h l(9,h)tp(g)(a h ) 

and the new multiplication 

a 9 ° M 6ft = ^) a s b h 
is again a G-Frobenius algebra. 
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A twist is called universal if it is denned for all G-Frobenius algebras. 

2.10.1. Remark. We could have started from a pair of functions (I : A x A — > 
k* , [i : G x A — > k*) in order to projectively change the multiplication and G action, 
but it is clear that the universal twists (i.e. defined for any G-Frobenius algebra) 
can only take into account the G degree of the elements. 

2.10.2. Remark. These twists arise from a projectivization of the G-structures 
induced on a module over A as for instance the associated Ramond-space (cf. |K1| 1. 
In physics terms this means that each twisted sector will have a projective vacuum, 
so that fixing their lifts in different ways induces the twist. Mathematically this 
means that the g twisted sector is considered to be a Verma module over A g based 
on this vacuum. 

2.11. Theorem. |K4j Given a (super) G-Frobenius algebra A the universal twists 
are in 1-1 correspondence with elements a £ Z 2 (G, k*) and the isomorphism classes 
of universal twists are given by H 2 (G,k*). Furthermore the universal super re- 
gradings are in 1-1 correspondence with Hom(G, Z/2Z) and these structures can 
be realized by tensoring with k a [G] for a £ Hom(G, Z/2Z). 

Here a super re-grading is a new super grading on A with which A is a super G- 
Frobenius algebra and universal means that the operation of re-grading is defined 
for all G-Frobenius algebras. 

We call the operation of forming a tensor product with fc Q [G] : a £ Z 2 (G,k*) 
a twist by discrete torsion. The term discrete refers to the isomorphism classes 
of twisted G-Frobenius algebras which correspond to classes in H 2 (G,k*). Fur- 
thermore, we call the operation of forming a tensor product with fc CT [G] : a £ 
Hom(G, Z/2Z) super-twist. 

2.12. Remark. If k is algebraically closed, then in each class of H 2 (G,k*) there 
is a representative with a(g,g~ 1 ) = 1. Using these representatives it is possible 
to twist a special G-Frobenius algebra without changing its underlying special 
reconstruction data. 

3. FUNCTORIAL SETUP 

The functorial setup of orbifold Frobenius algebras and reconstruction is dis- 
cussed in the following. 

Let T1ZOB be the category of Frobenius algebras, whose objects are Frobenius 
algebras and morphisms are morphisms which respect all the structures. 

3.1. Definitions. A G -category is a category C where for each object X £ Ob(C) 
and each g £ G there exists an object X 9 and a morphism i g £ Hom(X s ,X) with 
X e = X and i e = id and there are isomorphisms V'g.g- 1 S Hom(X s ,X s ). 

We call a category a G intersection category if it is a G category and for 
each pair (g,h) £ G x G and object X £ Ob(C) there are isomorphisms ip £ 
Hom((X«) h , (X h )«) and morphisms if h £ Hom((XS) h , Xs h ). 

A G -action for a G-category is given by a collection of morphisms 4> g (X,h) £ 
Hom(X h ,X ghg 1 ) which are compatible with the structural morphisms and satisfy 
4> g (X, g'hg'- 1 ) 4> g > (X,h) = 4> gg , (X, h). 
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3.2. Examples. Examples of an intersection G-category with G-action are cate- 
gories of spaces equipped with a G-action whose fixed point sets are in the same 
category. Actually this is the category of pairs (X, Y) with X say a smooth space 
with a G-action and Y a subspace of X. Then {X, Y) 9 := (X, Y n Fix{g,X)) 
with Fix{g,X) denoting the fixed points of g £ G in X, and i g = (id,L g ) with 
L g : Y n Fix(g,X) — > Y) being the inclusion. It is enough to consider pairs (X,Y) 
where Y C X is the set fixed by a subgroup generated by an arbitrary number of 
elements of G: H := (gi, ... , g^) 

We could also consider the action on the X 9 to be trivial and set (X 9 ) h := X 9 . 
This will yield a G-category. 

Also the category of functions / : C™ — > C with an isolated singularity at 
together with a group action of G on the variables induced by a linear action of 
G on the linear space fixing the function is an example of a G-category. This is 
a category of triples (C",/ : C™ — > C),p 6 Hom(G, GL{n)) such that / has an 
isolated singularity at zero and /(p(z)) = f(z) for z G C ra with morphisms being 
linear between the linear spaces such that all structures are compatible. The functor 
under consideration is the local ring or Milnor ring. Again we set (X 9 ) h :— X 9 . 

Here the role of the fixed point set is played by the linear fixed point set and the 
restriction of the function to this fixed point set fcf. [Kip . Again we can consider 
pairs of an object and a subobject as above in order to get an intersection G- 
category. 

Our main examples are smaller categories such as a global orbifold. As a G 
category, the objects are the fixed point sets of the various cyclic groups generated 
by the element of G and the morphisms being the inclusion maps. Again we set 
{X 9 ) h := X 9 . For a global orbifold, we can also consider all fixed point sets of 
the groups generated by any number of elements of G as objects together with the 
inclusion maps as morphisms. This latter will render a G-intersection category. 

The same is true for isolated singularities. Here the objects are the restriction 
of the function to the various subspaces fixed by the elements of g together with 
the inclusion maps or for the G-intersection category we consider all intersections 
of these subspaces together with the restriction of the function to these subspaces 
as objects, again with the inclusion morphisms. 

Now, suppose we have a G-category C and a contravariant functor T from C to 
J-1ZOB. In this setting there might be several schemes to define a "stingy geometry" 
by augmenting the functor to take values in G-Frobenius algebras. But all of 
these schemes have to have the same additive structure provided by the "classical 
orbifold picture" (see 13.2. 1[) and satisfy the axioms of G-Frobenius algebras (see 
§2). Furthermore there are more structures which are already fixed in this situation, 
which is explained below. These data can sometimes be used to classify the possible 
algebra structures and reconstruct it when the classification data is known. In the 
case of so-called special G-Frobenius algebras a classification in terms of group 
cohomology classes is possible. 

There are some intermediate steps which contain partial information that have 
been previously considered, like the additive structure, dimensions etc., as discussed 

muni 

3.2.1. The "classical orbifold picture". Now, suppose we have a G-category 
C and a contravariant functor T from C to then for each X G Ob(C), we 
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naturally obtain the following collection of Frobenius algebras: (J-(X 9 ) : g £ G) 
together with restriction maps r g = T{i g ) : J-{X) i— ► !F(X 9 ). 

One possibility is to regard the direct sum of the Frobenius algebras A g := 
T{X3). 

The first obstacle is presented in the presence of a grading, say by N, Z or Q; as 
it is well known that the direct sum of two graded Frobenius algebras is only well 
defined if their Euler dimensions (cf. e.g. |K3j ) agree. This can, however, be fixed 
by using the shifts s + discussed in 11.41 If the grading was originally in N these 
shifts are usually in |N, but in the complex case still lie in N. 

Furthermore, if we have a G-action on the G category, it will induce the structure 
of a G-module on this direct sum. 

Each of the Frobenius algebras A g comes equipped with its own multiplication, 
so there is a "diagonal" multiplication for the direct sum which is the direct sum 
of these multiplications. 

Using the shift s + it is possible to define a "classical theory" by considering 
the diagonal algebra structure and taking G-invariants. This is the approach used 
in |AS| . |Tj and |AR| . The paper |AS| shows that this structure describes the 
G-equivariant rather than the G-invariant geometry. 

One can of course forget the algebra structure altogether and retain only the 
additive structure. This was done e.g. in [5] in the setting of V-manifolds (i.e. 
orbifolds). Concentrating only on the dimensions one arrives for instance at the 
notion of "stringy numbers" |BB| . 

3.2.2. The "stringy orbifold picture". The "diagonal" multiplication is how- 
ever not the right object to study from the perspective of "stringy geometry" or 
a TFT with a finite gauge group |K1I ICR) . The multiplication should rather be 
G-graded, i.e. map A g ® Ah — » A g u- We call such a product "stringy" product. 

Here the natural question is the following: 

Question. Given the additive structure of a G-Frobenius algebra, what are the 
possible "stringy" products? 

A more precise version of this question is the setting of our reconstruction pro- 
gram [EH ESj. 

3.2.3. The G— action. One part of the structure of a G-Frobenius algebra is 
the G-action. If the G-category is already endowed with a G-action we can use it 
to reconstruct the G-action on the G-Frobenius algebra, which in turn limits the 
choices of "stringy" products to those that are compatible. 

3.2.4. Invariants. By definition G-Frobenius algebras come with a G action 
whose invariants form a commutative algebra. Due to the nature of the G ac- 
tion this commutative algebra is graded by conjugacy classes, and under certain 
conditions the metric descends and the resulting algebra is again Frobenius. The 
induced multiplication is multiplicative in the conjugacy classes and we call such a 
multiplication commutative "stringy" . 

3.2.5. Examples. Examples of commutative "stringy" products are orbifold 
(quantum) cohomology |CR| . For cohomology of global orbifolds it was shown 
in |FG| and recently in |JKK| that there is a group graded version for global orb- 
ifold cohomology which has the structure of a G Frobenius algebra, as we had 
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previously postulated |K2| . For new developments on quantum deformations of the 
G-Frobenius algebras see j.TKK| . 

3.2.6. Special G— Frobenius algebras. The special reconstruction data re- 
flects this situation in the special case that the A g algebras are cyclic A e modules. 
This is a restriction which leads to an answer in terms of cocycles for a large class of 
examples. This class includes all Jacobian Frobenius algebras as well as symmetric 
products and special cases of geometric actions on manifolds. 

The general idea can be generalize to non-cyclic case although computations get 
more involved. 

3.3. Definition. Given a G-category C, we call the tuple (X 9 ) : g G G a G- 
collection. 

The category of G-collections of a G-category is the category whose objects 
are G-collections and whose morphisms are collections of morphisms (f 9 ) s.t. the 
diagrams 

X 9 % X 
IP If 
Y 9 ^ Y 

commute. 

3.4. Definition. A G-Frobenius functor is a functor from the category of G- 
collections of a G-category to G-Frobenius algebras. 

3.5. Reconstruction/classification. The main question of the reconstruction/classification 
program is whether one can extend a functor from a G-category C to Frobenius 
algebras to a G-Frobenius functor, and if so how many ways are there to do this. 

One can view this as the analogue of solving the associativity equations for gen- 
eral Frobenius algebras. Some of the solutions correspond to quantum cohomology, 
some to singularities, etc. and maybe others to other "string" -schemes. The struc- 
tures of possible "stringy" products provide a common approach. The systematic 
consideration of all possible products confines the choices of string equivalents of 
classical concepts and allows to identify divers approaches. 

The answer to the main question of reconstruction/classification can be answered 
in the special case where all of the twisted sectors are cyclic in terms of group 
cohomological data (see below) . This is the content of the Reconstruction Theorem 

of lET). 

The consequences are sometimes quite striking as in the case of symmetric prod- 
ucts, where there is only one possible "stringy" orbifold product. 

The restrictions on the possible multiplicative structures are even stricter if one 
is considering data stemming from a G-intersection category. 

This is the content of the next section. 

4. Intersection G-Frobenius algebras 

We will now concentrate on the situation of functors from G-intersection cate- 
gories to Frobenius algebras. 

Given a G-class in such a category a functor to Frobenius algebras will provide 
the following structure which reflects the possibility to take fixed point sets itera- 
tively. Say we look at the fixed points with respect to elements g±, . . . , g n . These 
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fixed point sets will be invariant under the group spanned by the elements gi , . . . , g n 
and they are just the intersection of the respective fixed point sets of the elements 
gi. The underlying spaces are therefore invariant with respect to permutation of 
the elements gi, and if g appears twice among the gi then one can shorten the list 
by omitting one of the gi. Also if a list gi includes g _1 we may replace it by g. 
Finally, the fixed point set under the action of the group generated by two elements 
g and h is a subset of the fixed point set of the group generated by their product 
gh. Translating this into the categorical framework, we obtain: 

4.1. Definition. A G-intersection Frobenius datum of level k is the following: 
For each collection (gi, . . . ,g n ) with n < k of elements of G, a Frobenius algebra 
A gi ....,g n and the following maps: 



Isomorphisms 



^cr : ^gi,...,g„ ~ > ^3<,(i)v,S<T(n) 



for each a € S„ called permutations. 
Isomorphisms 



fll,...,S 4 - 1 .-.fln ■ ^Sl'-.Siv.Sn A g 1 ,...,g-\...,g n 

commuting with the permutations. 
Morphisms 

r9i 6i, — ,9n - A - — ► A 

' g 1 ,...,g i ,...g n ■ ^Sl v,9i,-,9i. %v,Sn 

commuting with the permutations. (Here the symbol" is used to denote omission.) 
Such that the diagrams 

g 1 ,...,g i ,...,g J -,...,g„ 
r g 1 ,...,g i ,S j ,...g n 

I g 1 ,...,g i ,...,g j ,...,g n , gi,—,gj,—,g„ 

I r gi ,..., gj ,...,g n * r 9i,-,g n 

9i, ...,g n 

, - r »i'-^5 A 

■ el g 1 ,...,g i ,...,g n —> A gi, — ,9n 



are co-Cartesian. 
Isomorphisms 



l gi,...,g,...,g,...,g n • -"-gi , — ,9, — ,9, — ,9n Ii 9i,---g,---,g,---,gn 

commuting with the permutations. 
And finally morphisms: 

r gi,—,9i9i+i,—,9n - A — > A 

' g 1 ,...,g i ,g i+1 ,...,g n • - t± gi,...,g i gi + i,...,g n ^ ■"■9i, — ,9i,9i+i, — ,9n 

commuting with the permutations. 

If this data exists for all k we call the data simply G-intersection Frobenius 
datum. 

4.2. Notation. We set r fll) ... )fln := r^j.W,'^ -1 o ■ ■ ■ o r fll and we set I gi ,..., gn ■= 
Ker(r Sli ... ;5n ). Notice that this definition of I gi ,..., gn is independent of the order of 
the gi. 
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4.3. Remarks. 

1) In order to (re)-construct a suitable multiplication on Q) A g it is often 
convenient to use the double and triple intersections (i.e. level 3). Where the 
double intersection are used for the multiplication and triple intersections 
are used to show associativity. 

2) We can use the double intersections to define G-Frobenius algebras based 
on each of the A g i.e. on Qhez(g) Ag,h ^ or eacn fixed g-where Z(g) denotes 
the centralizer of g. 

4.3.1. Definition. A G -action for an intersection G-Frobenius algebra of level 
k is given by a collection of morphisms 

<t>g(A gi ,...,g n ,h) e Hom(A gl ,...,g olh ,A gl) ... ign!ghg -i) 

which are compatible with the structural homomorphisms and satisfy 

<t>g{A gu ...,g n ,g'hg'~ 1 )^>{A gu ... t g n ,h) = <l>gg>(Ag u ... t g n ,h) 

4.4. Definition. We call an intersection G Frobenius datum a special G intersec- 
tion Frobenius datum, if all of the A gi 3n are cyclic A e module algebras via the 
restriction maps such that the A e module structures are compatible with the re- 
striction morphisms r. Here the generators are given by r gi ,..., s „(l) and the A e 
module structure is given by a ■ b :— r gi gn (a)b. 

4.5. Remark. In the case of special G-Frobenius algebras, the presence of special 
intersection data gives a second way to look at the multiplication. The first way is 
to use the restrictions r g and sections i g to define the multiplication as discussed in 
i ll. 51 (sec cq. I|1.4jl ). A second possibility is to use the intersection structure. This 
can be done in the following way: first push forward to double intersections, second 
use the Frobenius algebra structure there to multiply, then pull the result back up 
to the invariants of the product, but allowing to multiply with an obstruction class 
before pulling back. This is discussed below in H4.8I 

The precise relation between the two procedures is given by the following Propo- 
sition and 11.41 

4.6. Proposition. Given a special G intersection datum (of level 2), the following 
decomposition holds for section independent cocycles 7: 

(4.1) r gh (7 g ,h) = r a g h h {*tg,h) = i B g\{lg,h)r 9 g \{l g ,h) = lg,hl g , h 

for some section i g>h of r g>h , j g>h 6 (A,,h) e , %,h € i g ,h)(A g ,h) of degree e. and 
lih ■= f9 g h h( l a,h)- Here e = s g + s h - s gh - s+ h + s+ h with s+ h := d - d g , h and 
d g ,h = deg(p g! /j) and we again used the unshifted degrees. (In particular if the 
s" = then e = |(s+ + s+ + s+J - s+ h = i(d - d g - d h - d gh ) + d 3ih ) 

Proof. We notice that I g + //, = I 9i h and (I g + Ih)"f g ji C I g h, and set J := 
r gh(I g ,h)- Choosing some section i 9 g h h of r 9 g h h , we can define the splitting 

(4-2) A k gh = i g g %(A g , h ) © J 

where again k means the homogeneous component of degree k. Now 

i 9 ,h e (i 9 g %(A gh )*) e 

where * is the dual w.r.t. the form r) g h and the splitting 14.2(1 and e = s g + Sh — 

Sgh + S gfl — S gh , 
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From which the claim follows by an argument completely analogous to the proof 
of Lemmas IDT21 and O 

Also generalizing the fact that 

(4-3) Ig^g = Igfg(lg) = Q 

we obtain 

4.7. Lemma. 

(4-4) (I g + hh^ C I g , h 

4.8. Multiplication. From the section independence of 7, we see for a special G- 
Frobenius algebra which is part of a special G-intersection Frobenius datum of level 
> 2 that the multiplication A g (g> Ah — ► A g h can be factored through A g ^- To be 
more precise, we have the following commutative diagram. 

A g <8> A h A A gh 
lr a 9 ,h®r h g>h ^ U B £°h g , h 
A g ,h ® Ag ih A A gJl 
where h is the left multiplication with "f g .h- That is using the multiplication in 

Ag,h 

(4-5) a g o b h = f 9 g h h(rl h(a g )r h g, h (bh)%, h ) 

4.8.1. Remark. The decomposition into the terms 7 and r y ± can be understood 
as decomposing the cocycle into a part which comes from the normal bundle of 
X 9 ' h c X gh which is captured by 7 1 - and an additional obstruction part. 

4.9. Associativity equations. Furthermore in the presence of a special G inter- 
section Frobenius datum of level > 3 the associativity equations can be factored 
through Ag t h,k- More precisely, we have the following commutative diagram of 
restriction maps: 

Aghk 

/ \ 

(4.6) Ag h -> Agh.k I Ag.hk <~ A hk 

I \ / I 

Ag t h ► Ag t h,k i Ah t k 

More technically: Using the associativity equations for the 7, we set 

(4.7) r g hk( / yg,h'rgh>k) :=7ff,M 
and associativity says that also 

(4.8) r gh k{lh,kl g ,hk) = Jg,h,k 
By analogous arguments as utilized above one finds 

(4-9) lg,h,k = ^h, k {%,h,k)f a g %(l g< h,k) = f 9 g h h k k {lg,h,k) 

for some %,h,k G ig t h, k(Ag,h.k)- So vice-versa to show associativity one needs to 
show that 

(4-10) ?lh^(rlh, k ( f g%(%,h))%h,k) = f 9 g h h \ k {lg.h,k) 
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for some %,h,k which is a symmetric expression in the indices. 

4.10. Intersection G Frobenius algebras. Vice-versa in the given G-intersection 
Frobenius datum using the diagram (|4.8|l as an Ansatz for a multiplication we will 
arrive at a special type of Frobenius algebra. The associativity of this Ansatz can 
then be checked on the triple intersections. 

4.10.1. Definition. An intersection G-Frobenius algebra is an intersection G- 
Frobenius datum of level k > 3 together with a G-Frobenius algebra structure on 
A := A g whose multiplication is given by the diagram 14.811 and whose associa- 
tivity is given by diagram (|4.6() 

4.10.2. Remark. Reconstructing from special reconstruction data one can de- 
fine the algebras A gii ,„ gn via the following procedure. Set I gu ..., gn '•= I gi +• • ■ + Ig„ 
and A gi 3n :— A e /I gi 9n . In order to get G-intersection Frobenius data one has 
then only to show that the A gij ... gn are indeed Frobenius algebras and choose a met- 
ric for them. If this is possible then Proposition 14.61 shows that any reconstructed 
special G Frobenius algebra is an intersection G Frobenius algebra. 

4.10.3. Examples. 

i) We will show that the structures of Remark 14.10.21 are indeed present in 
the case of symmetric products. 

ii) The G-Frobenius structures for the global orbifold cohomology ring as pre- 
sented in |FG| are intersection G-Frobenius algebras. 

4.11. The Sign. Given a preferred choice of character, it is possible to define a 
sign which corresponds to a super-twist from a preferred choice of super-grading. 

4.11.1. Remark. Given a special G-Frobenius algebra A we denote the Eigen- 
value of p w.r.t. (f g by l g and furthermore denote the Eigenvalue of ip g on ih(ph) 
by lg i.e. <p g (p) = l g p and tp g (ih(Ph)) = Igih(Ph)- By the projective G-invariance 
of the metric 

(4-11) l h = Xh 2 

and we can regard the ensembles l g and l 9 h as characters. 

4.11.2. Definition. We define a sign sign to be an element of Hom(G, k*). Fix- 
ing an element sign G Hom(G, Z/2Z) we can define the associated character ip by 



(4.12) := {-l) sl9n(9) X g 

Vice-versa given a character ip G Hom(G,k*) with the property that ip 2 = x 2 
we define the sign given by ip to be 

(4.13) (_l)^n(s) := xMg)' 1 
Finally, any choice of root of I defines a sign. 

Given sign and sign 9 for A and A 9 for all g,h 6 G, [g, h] = e we set 

(4.14) v{g, h) = sign(g) + sign 9 (h) + h 9 + g (2) 
sign and sign 9 are said to be compatible if for all h G g 

(4.15) u(g,h) = v(gh,h) = v{h,g) = v{g-\h) 



22 



RALPH M. KAUFMANN 



4.12. Algebraic Discrete Torsion. In certain situations it is also possible to dis- 
tinguish one G-Frobenius algebra as initial under the action of discrete torsion. 
This is the case for instance for Jacobian Frobenius algebras. In general, we can 
define a similar structure for intersection Frobenius algebras, which then incorpo- 
rates the trace axiom into the definition of discrete torsion. This shows that the 
compatibility with the trace axiom in principle fixes the action up to a twist by 
discrete torsion. 

Denote the centralizer of an element g E G by Z(g) and fix a sign of A. We will 
consider G-intersection Frobenius data of level 2. 

4.12.1. The induced Z(g)— Frobenius algebra structure. If we are in an 

intersection Frobenius algebra of level k > 2, given A g we can consider 
The underlying additive structure. 

(4-16) 4=0 (A g )h = A g , h 

heZ(g) heZ(g) 

Notice that if h S Z(g), iph : A g — > A g and <p descends to a Z(g) action on A g . 
However, we have that <Ph{lg) = <Ph,glg, but l g should be invariant under the 
Z(g)-action as the new identity. Therefore we set 
The Z(#)-action. 

(4-17) V 9 h := f^gfh 

With this definition (fi 9 h (l g ) = <Ph* g <Ph,gl g = V 

The character. Given a G-action on the level 2 G-intersection algebra, we 
can augment the picture with a character x\ > which will be determined by the trace 
axiom. 

Supergrading. We fix the super-degree of A 9t h in A g and denote it by h 9 . 

4.12.2. Definition. An intersection Frobenius algebra of level k > 2 is said to 
satisfy the discrete torsion condition, if the above data satisfy the projective trace 
axiom and for all g,h E G there are isomorphisms between A g h t h — A g ^. 

4.12.3. Proposition. In an intersection Frobenius algebra A of level k > 2 
that satisfies the discrete torsion condition, the following equality holds for all 
g, h E G, [g, h] = e: 

(4.18) Xs STr(^UJ = ^ hXg ( x h)-\-l)9(-lf g dim(A flih ) 
or given roots ip, ij) 9 of /, I 9 

(4.19) x ff STr(^UJ = ¥» fllh ^ ff (^)- 1 (-l)" ff " {fl)+ " fl " h(fl) (-l) S (-l) li " dim^,) 
Proof. From the discrete torsion condition we obtain 

(-l)^dim(^,,)= X «STr(^U ftj J 

and furthermore 

STr(^UJ = (-l)V-iSTr(^U,, e ) 

4.12.4. Corollary. If ip and tp 9 are compatible then 

(4.20) Xs STr(^UJ = ^,^ s (^)- 1 (-l)^"^+^«(' i )(_i)K S ^) d i nl(As;/i) 
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4.12.5. Definition. If sign and the sign 9 are compatible, we set for g, h £ 

G, [g, h] = e 

(4.21) T(h, g) = [-iyign{g)sign(h) ^_ l yign{g)+sign{h) (.^l^l dim(A g;/l ) 

it satisfies for g, h £ G, [g, h] = e 

(4.22) T(g, h) = T(h, g) = T(gh, h) = T{g-\h) 

(4.23) e(h, g) = ^(-l)" 9 "^"^ V fl (^) _1 

Due to the projective trace axiom and by definition e viewed as a function from 
G x G — > fc* satisfies the conditions of discrete torsion which are defined by: 

(4.24) e(g,h) = e(/i~\sr) e(g,g) = l e( gi g 2 , h) = e(g 1 ,h)e(g 2 , h) 

5. Jacobian Frobenius Algebras 

We first recall the main definitions and statements about Jacobian Frobenius 
algebras from [K2, K3]. 

5.1. Reminder. A Frobenius algebra A is called Jacobian if it can be represented 
as the Milnor ring of a function /. I.e. if there is a function / £ Oaj s.t. A = 
Oa.i/ Jf wnere Jf is the Jacobian ideal of /. And the bilinear form is given by the 
residue pairing. This is the form given by the Hessian of p = Hess/. 

If we write Oaj = k[x\ . . . x n ], Jf is the ideal spanned by the J^. 
A realization of a Jacobian Frobenius algebra is a pair (A, f) of a Jacobian Frobe- 
nius algebra and a function / on some affine k space A£ , i.e. / £ Oa™ = k[x\ . . . x n ] 

s.t. A = k[xi ...x n ] and p := det( d %J xj ). 

5.2. Definition. A natural G action on a realization of a Jacobian Frobenius al- 
gebra (A e , f) is a linear G action on A£ which leaves / invariant. Given a natural 
G action on a realization of a Jacobian Frobenius algebra (A, f) set for each g £ G, 

Og '.— CVix (A n )- 

We also write V(g) := Fix 3 (A"). 

This is the ring of functions of the fixed point set of g for the G action on A£. 
These are the functions fixed by g: O g = k[xi, . . . , x n ] 9 . 

Denote by J g :— J/| p (A „ } the Jacobian ideal of / restricted to the fixed point 
set of g. 

Define 

(5.1) A g := O g /J g 

The A g will be called twisted sectors for g ^ 1. Notice that each A g is a Jacobian 
Frobenius algebra with the natural realization given by (A 9 ,/|Fix s )- In particu- 
lar, it comes equipped with an invariant bilinear form i) g defined by the element 
Hess(/| F i Xs ). 

For 5 = 1 the definition of A e is just the realization of the original Frobenius 
algebra, which we also call the untwisted sector. 

Notice there is a restriction morphism r g : A e — > A g given by a t— > a mod J g . 

Denote r g (l) by l g . This is a non-zero element of A g since the action was linear. 
Furthermore it generates A g as a cyclic A e module. 

The set Fix 9 A£ is a linear subspace. Let I g be the vanishing ideal of this space. 
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We obtain a sequence 

Let i a be any splitting of this sequence induced by the inclusion: i g : O g — ► O e 
which descends due to the invariance of /. 

In coordinates, we have the following description. Let Fix g AJ? be given by equa- 
tions Xi = : i G N g for some index set N g . 

Choosing complementary generators Xj : j G T gi we have O g = k[xj : j G T g ] 
and O e = k[xj,Xi : j G T g ,i G N g ]. Then I g = (xi : i G N g )o e is the ideal in C e 
generated by the Xi and O e = I g © using the splitting i s coming from the 

natural inclusion i g : k[xj : j G T g ] — > fc[xj, Xj : j G G iV 3 ]. We also define the 
projections 

Kg '■ A e > ^4 e ; TTg = O Tg 

which in coordinates are given by / i— > /| a ;j=0:jGA r g Let 

sec 

where the sum is a sum of ^4 e modules. 

Some of the conditions of the reconstruction program are automatic for Jacobian 
Frobenius algebras. The conditions and freedoms of choice of compatible data to 
the above special reconstruction data are given by the following: 

5.3. Theorem (Reconstruction for Jacobian algebras). Given a natural G 
action on a realization of a Jacobian Frobenius algebra [A e , /) with a quasi- 
homogeneous function / with d g = iff g = e together with a natural choice of 
splittings i g the possible structures of naturally graded special G twisted Frobenius 
algebra on the A e module A := Q) geG A g are in 1-1 correspondence with the set 
of section independent G graded cocycles 7 which are compatible with the metric 
together with a choice of sign sign G Hom(G, Z/2Z) and a compatible non-abelian 
two cocycle (p with values in k* , which satisfy the condition of discrete torsion 

(5.2) Vg,h s.t. [g, h] = e : tp gih tp h , g det(g\ Nh )det(h\ Ng ) = 1 

and the supergrading condition 

(5-3) \N g \ + |JV h | = |JV ffh |(2) or lg , h = 

This means in particular that the trace condition is replaced by l|5.2|l . Also 
notice that if j g ,h ^ then the factor (p g .h l Ph,g = 1 in l|5.2(l by the compatibility 
equations so that l|5.2|l reads 

(5.4) det(g\ Nh )det(h\ Ng ) = l 

Notation. If [g, h] ^ then deg(<7|jv h ) is taken as an abbreviation for 
deg(g)det- 1 (g\ Th ). 
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5.3.1. Character and Sign. The character and parity are fixed by a choice of 
sign sign and are given by: 

(5.5) Xg = (-lF(-l) |Ar *'det( ff ) 
The sign is defined by 

Xg = ( _ 1)flifl n( ff ) det{g) 

i.e. we choose tp g = det(#) 
and satisfies 

(5.6) sign(g) := g + \N g \ mod 2 

5.3.2. Bilinear form on the twisted sectors. If the character \ in non- 
trivial, we have to shift the natural bilinear forms r\ g on A g by 

(5-7) ((-l)%) 1/2 % 

where we choose to cut the plane along the negative real axis. For more comments 
on this procedure see [K3] and the following remarks. 

5.3.3. Remarks about the normalization. We would like to point out that 
the setup of reconstruction data already includes the forms n g . This is the reason for 
the above shift. Indeed there is always a pencil of metrics for any given irreducible 
Frobenius algebra. The overall normalization is fixed by 7 g , g -i- More precisely, we 
always have the equation: 

(5-8) lg,g-^g(Pg) =P 

Notice that since J g , g -il g = this equation determines p g uniquely at least in the 
graded irreducible case since p g is of necessarily of top degree in A g . So if, we were 
not to include the r\ g into the data, the only conditions on the 7 fl)fl -i would be that 
they do not vanish, live in the right degree and satisfy the compatibility but there 
would be no need for rescaling. 

Another way to avoid the shift is to include it in the restriction data by setting 



(5-9) A g := Of, with f g = ((-l) 9 Xg) ll2 VgfW(g) 

5.3.4. Natural discrete Torsion for Jacobian Frobenius algebras. We can 

write 

XhSTr{ip h \ Ag ) = e(h,g)T(h,g) 

where 

T(h,g) = ^_\yign(g)sign(h) ^_iyign(g)+sign(h) ^_^\T g nT h \+N 

dim(i g (A g )r)i h (A h )) 

(5.10) = ^_\yign(g)sign(h) ^_-^yign(g)+sign(h) (_]^\ N g, h\ di m (A g h) 

where we introduced the notation \N g ^\ for dim(Fix(g) n Fix(ft)) and A g ^ 

fOT /lF lx(g ,n F ,x(,) 

(5.11) e(h,g) = ^ h (-l)^n(g) S ign(h) det{g \ Nh) 
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The projective trace axiom is satisfied in the graded case if e satisfies the equations 
of discrete torsion 

(5-12) e(g,h) = e(h~ l ,g) e(g,g) = l e{g 1 g 2 ,h) = e{guh)e(g 2 ,h) 

which in terms of the tp is equivalent to the condition Ij5.2(l . 

5.3.5. Remark. This definition of discrete torsion agrees with the more general 
one of !4.12l if we set ip = det(g) and ip g (h) — det(/i)|x s - Indeed we find sign 9 (h) = 
h g + \N a h \ with \N 9 g h \ = codim FiXg (Fix g n Fix h ) and thus 

v(g, h) = sign(g) + sign 9 (h) + h a + g (2) 

(5.13) = sign(g) + codim(Fix g n Fix h ) + |N g | + g = |N g)h | (2) 

5.3.6. Examples. 

1) (pt/G). Recall (cf. [K3]) that given a linear representation p : G — > 0(n,k), 
we obtain the G-twisted Frobenius algebra pt/G from the Morse function 
f = z*+... + zl 

All sectors are isomorphic to k: 

A = ^k 

all the d g = and all the r g — id. In particular, we have that 7 g , g -i = 
f g {l) — 1 and TTg( , ~fh,h- 1 ) = 1 ^ 0, so we see that the j 9! h £ k* and 
are given (up to rescaling) by group cocycles 7 £ H 2 (G, k*) and since the 
9g.h 7^ the tp and hence the discrete torsion are fixed by the compatibility 

Jg,h = PgMghg-Kg- 

Explicitly: Fix a parity ~£ Hom(G, Z/2Z). 
The sign and character are given by 

(5.14) sign{g) = ~g Xa = (-l) 8 ^ = 

2) Another example to keep in mind is A n which is the Frobenius algebra 
associated to z n+1 together with the Z/(n + 1)Z action z 1— > C, n z where 
Q = 1 [cf. K3]. 

3) A® n together with the permutation action. We will consider this example 
in depth in !0and JSI This example has appeared many times in different 
guises in [DHVV,D1,D2,LS,U,WZ]. Our treatment is the completely general 
and subsumes all these cases. Also, there is an ambiguity of signs which is 
explained by our treatment. 

5.4. Theorem. Jacobian algebras naturally give intersection algebras. 
Proof. This is straight-forward. We set 

(5.15) A.. ,, := O fgi: _ gfc with f gu ... >gk := /ln* =1 Pix(a) 

and use the obvious restriction maps. Here again the remarks of 15. 3. 31 apply. 



SECOND QUANTIZED FROBENIUS ALGEBRAS 



27 



6. Special S„-twisted Frobenius algebras 

6.1. Notation. Given a permutation a G S n , we associate to it its cycle decompo- 
sition c(a) and its index type 1(a) := . . . Ik} where the Ij are the independent 
sets in the cycle decomposition of a. Notice that the 1(a) can also be written as 
(a)\n where this is the quotient set of h w.r.t. group action of the group generated 
by a. 

The length of a cycle decomposition \c(a)\ is defined to be the number of indepen- 
dent cycles in the decomposition. The partition gives rise to its norm (m, . . . , n^) 
of n where rn := |7j|. And the type of a cycle is defined to be (Ni(a), N 2 (a), . . . ) 
where Ni = # of rij = i in (n\, . . . , n^), i.e. Ni the number of cycles of length i in 
the cocycle decomposition of a. 

We define the degree of a G S„ to be \a\ :— the minimal length of a as a word 
in transpositions = n — \c(a)\. 

Recall the relations in S„ are 

(6.1) t 2 = 1 

(6.2) tt = t't" where t = (ij),T = (jfc),r" = (kl). 

6.2. Definition. We call two elements a, a' € S„ transversal, if \aa'\ — \a\ + \a'\. 

6.3. The linear subspace arrangement. A good deal of the theory of S„ Frobe- 
nius algebras is governed by the canonical permutation representation of S„ on k n 
given by p(a)(ei) — e cr ( i ) for the canonical basis (e^) of k n . 

We set V a := Fix(cr) 

and V ai ,...,a n '■= fir=i Notice that 

(6.3) 1(a) =dim(K) = \{<r)\n\ 
and 

(6.4) \a\ = codim(V CT ) 
In the same spirit, we define 

l(a\,...a n ) := dim(V CTli ... !(Tii ) 

(6.5) \a\, . . . ,a n \ := codim(V CTli ... iCT J 

This explains the name transversal. Since if a and a' are transversal then 

= v„ n v a , = v aa , 

and the intersection is transversal. 
Furthermore notice that 

(6.6) l(a x , ...,a n ) = \(ai, . . .,a n )\n\. 

where again the last set is the quotient set of h by the action under the group 
generated by ai, . . . , a n . 

6.4. Definition. We call a cocycle 7 : S„ x S„ — > A normalizable if for all transver- 
sal pairs r, a e S„, |r| = 1 : 7 CTjT e A*,, i.e. is 7 CTiT is invertible, and normalized if it 
is normalizable and for all transversal T,a G S„, |t| = 1 : 7^ T = 1. 

In the example of symmetric products of an irreducible Frobenius algebra or in 
general A e irreducible the invertibles are of degree and are given precisely by k* . 
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6.4.1. Lemma. If a cocycle is normalized then for any transversal a, a' G S n : 

1<T,<T> = 1< 

Proof. We write a' = t[ ■■■T , k with k = \a'\ where all t, are transpositions. 
Thus by associativity: 

ao> =(((... (ar(K)..-K), 

so 

fc fe 

i=l J i=l 

6.4.2. Remark. Recall that 7 T T = f g (l T ) for a transposition r. 

6.4.3. Lemma. Let a € S n . If 7 is a normalized cocycle, then for any decom- 
position into transpositions a = t\ ■ ■ ■ : ^a.a- 1 In^n 

Proof. Let k = \<r\. Thus by associativity: 

o-er -1 = (ti{t 2 {- ■ ■ (T k T k ■ ■ ■ T 2 Tl) ■■■))), 
and if r and a' are transversal 

TTo-/ (7r,T«r') = ^a' {lr.TaHr, a ') = 7T CT / (7 T)T 7 e , CT ' ) = 7lv(7 T , T ). 

So 7^0-1 = Y[\ =1 lT,, Ti - 

6.5. Theorem. Given special S n reconstruction data, a choice of normalized co- 
cycle 7 : S„ x S n — > A is unique. Furthermore a choice of normalizable cocycle is 
fixed by a choice of the j T>(7 with r and cr transversal. 

Proof. We have that the j a a - 1 are given by 7 CT CT - 1 = fv(lo-) and thus fixed after 
the normalization which fixes the r a . Again choosing any minimal decomposition 
cr' = t[ ■ ■ ■ r,' 1 and by using the normalization and associativity repeatedly, we 
obtain that 

k'l k'l 

i=l t=l 

= ?W (JI 7r',r') 

where 7 := {< : rj)r/| = 1^=1 rjl " 2 1- 

Thereby the 7<t )(T ' are already determined by the 7 Ti7 - which are in turn given by 
ry(l T ). 

If the cocycles are only normalizable, we obtain the result in a similar fashion. 

6.6. Discrete torsion for S n . It is well known (see e.g. |Ka| ~) that H 2 (S n , k*) = 
Z/2Z. 

6.7. Lemma. Let $ be a cocycle corresponding to the non-trivial central extension 
of S„ defined as the group generated by fi : i = 1, . . . n 

TiTi = Z, ZZ = e, fiti+lti = T i+ lfif i+ l, TiTj = ZTjTi \ \i - j\ > 2 

and let &*[S„] be the corresponding twisted group ring (here z \— > —1) then 

Proof Since ff = — 1, tititf = — (— f,;) = fi. If \i — j\ > 2 titjtf = 

-TjTii-Ti) = -tj. 
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6.8. Supergrading and Parity p. Since S„ is generated by transpositions which 
all lie in the same conjugacy class, we see that the choices of Z/2Z-grading " G 
Hom(S n , Z/2Z) are given by 

i) pure even V<7 : a = 1. We call this the even case and set the parity p = 0. 

ii) The sign representation a = \<r\ (2). We call this the odd case and set the 
parity p = 1. 

6.9. Lemma. For the (super) twisted group ring, the following equations hold: 

e(a,a') = (-l) p|CT||CT ' 1 
in particular Vr, r' G S„, |r = |r'| = 1, [r, r'] = e 

e(r,r) = (-l)" e(r, r') = (-If 

This follows from the general result 12.1.21 

6.10. The non abelian cocycles ip. 

6.10.1. Remark. Due to the relation l|1.5fl . we see that ip is determined by the 
p T , a with |t| = 1. 

6.10.2. Lemma. For any non-abelian S„ cocycle <p there is a fixed p G {— 1, +1} 
s.t. for all r G S„, |r| = 1 ip T , T = (— l) rr = (— l) p . Furthermore if ip is compat- 
ible with a section independent cocycle compatible with the metric, then p is the 
supergrading as an element in Z/2Z fsee !6.8[l . 

Proof. By the definition of a non-abelian cocycle, we see that Vr : (p T>r G 
{ — 1, 1}. Furthermore all transpositions are conjugate so that bv ll.l9l (/^ |T = <p T ' , T ' 
for r, t' G S„ : \t\ = \t'\ = 1 which shows the claim. In the case of a compatible pair 
furthermore: 7 TjT = p rr (— l) TT ^ TT and 7 TjT 7^ 0, so that ip TjT = (— l) p = (— l) r . 

6.10.3. Lemma. For r, r' eS„,t/ t', |t| = |t'| = 1,[t,t'] = e p T)T / = (-1) 9 
for a fixed q G { — 1,1}. 

Proof. Since rr = [t, t'] = e, by (|1 . f>f> ^ T)T / = ±1 and by l |1.19|l . the value 
is indeed fixed simultaneously for all commuting transpositions, since all pairs of 
commuting transpositions are conjugate to each other. 

6.11. Definition. We call a non-abclian cocycle ip normalizable if for all r, r' G 

S„, t ^ r', |r| = |r'| = 1, [r, r'] = e, <^ T , T ' = (-l) p for some fixed p G {-1, 1}. 
We call a non-abelian cocycle </3 normalized if Vcr, r G S„, |t| = 1 

^ CT ,r = (-1) W = (-l)PH. 

6.12. Lemma. After a possible twist by any discrete torsion a with [a] ^ all 
non-abelian cocycle ip normalizable. 

Proof. By Lemmas 16 . 1 . 21 and 16 . 1 . 31 we have that indeed for r, r' G S„, |t| = 
|r'| = l,[r,r'] = e ^(r,r) = (-l) p and v(r,r') = (-1)« with p, q G {-1,1}. If 
p = q then the cocycle y> is already normalizable. If p ^ q, let $ G Z 2 (S n ,k*) be 
the class given in Lemma T6 . 71 then y*(r, r) = (— l) p and <p* = (— l) p since if p 5^ q 
then p = g + 1. But on commuting elements e a only depends on the cohomology 
class of a and thus we could use a twist by a for any class with [a] ^ G H 2 (S n , k*) 
instead of $. 

If ip is the non-abelian cocycle of a special S„ Frobenius algebra A then the non- 
abelian cocycle 93* can be obtained via tensoring with fc*[S„] as the non-abelian 
cocycle of A*. 
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The Theorem IA.1I contained in the Appendix A implies that all normalizable 
non-abelian cocycles tp can be rescaled to a normalized cocycle. 

6.13. Theorem. Any normalizable graded S„ cocycle 7 with normalized p can be 
normalized by a rescaling 1 CT 1— > Ao-lo-. 

And vice-versa given any normalized S n cocycle and a choice of parity p £ {0, 1} 
there is only one compatible non-abelian cocycle tp given by 

(6.7) ip^ = (-I)pMI-'I 

Proof. First notice that by assumption of normalizability the 7 ffiT G k* for 
transversal r, a we define the rescaling inductively on \a\ by l T := 1 and l a :— 
l tr i'~f a ) tT i where a = cr'r and r and a are transversal. 

More precisely: let a = <t't' with |r| = 1, \a'\ = \a\ — 1. With induction on \a\ 
we define 

(6.8) \ a := 1<t>1<t',t> 
Then after scaling we obtain: 

lr' Iff' , 
7<t',t' = -j la',T> = l T ' = 1 

We have to show that (|6.8|l is well defined i.e. is independent of the decomposi- 
tion. This can again be seen by induction. 

First notice that if \<j\ = 1, l a = 1 poses no problems. If \<j\ — 2 either there is a 
unique decomposition into two disjoint transpositions or 

(6.9) a = tt' = t't" 

where t = (ij),T' = (jk),r" = (kl). The first case again poses no problem. For 
the second one notice that l T — l T i = 1 and r'r'V = r thus 

(6.10) 7t',t" = (p T ',T"(-l) T T 1t't"t',t' = ^r',r"(-l) T T 7r,r' = Jt,t' 

Assume the l a are well defined for \a\ < k. Fix a with \a\ = k and decompose 
cr = cr'r' = (t"t" in two different ways. Then we have to show that 

la'^fo' ,t' — la'^fcr" .t" 

where by induction l a i = ni=j7r( i_1 T' t' an< ^ a ' = lli=J r i ^ s an y minimal rep- 
resentation. We observe that in S n we can obtain cr'r' from a"r" by using the 
relation (|6.9|l repeatedly. Thus by using associativity and H6.1()(l we obtain: 

k"l k'l 

/<r"7<r",r" = (JJ 'TI^l rj'.rf )7<t",t» = (II rj.rpTa'.r' = ^'7<r',r' 

i=l J J * i=l 3 1 

The fastidious reader can find the explicit case study in Appendix B. 
For the second statement notice that by Lemma |6. 4.11 given a normalized 7 we 
have for all transversal cr, a' : 7^/ = 1. 
Thus for transversal r, cr 

f = 7r,a = PT,a(-l) TCr jTaT,T = (/? T , CT (-l) TCr 

since tut and r are transversal \tot\ = \a\. \tgtt\ = Ircrl = Irl + Icrl. 
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And if cr, r are not transversal, then a = to' with \a'\ = \a — 1| and a' and r 
transversal. 

7r,r - lr,a = ¥>T,<7 (- 1) H 7 CT 'r,r - (-l) H 7r,r 

and since 7 TjT 7^ 0, we find 

(6.11) W, CT = = (-l) p - 

And finally if a = nfi r< 

I cr I 

^=n^=(-i) pHk '' 

i=l 

by using Q with 5i = (TTg m n)a> \Y[% +1 n)~\ |^| = \a'\. 

7. Symmetric powers of Jacobian Frobenius algebras 

In this paragraph, we study S„ orbifolds of ^4®" where A is a Jacobian Frobenius 
algebra. We also fix the degree d of A to be the degree of p — the element defining 
V- 

The most important result for Jacobian Frobenius algebras (or manifolds) is that 
Af <g> A g = A f+g [Kl]. Therefore 

A f(z) = A f(zi) + -+f(z n ) 

where z is actually a multi-variable z = (z , . . . , z m ). 

7.1. Remark. In the above notation, we should keep it mind that for functions 
<7i, . . .g n , we have that 

gi ® ■■■®g n = gi(zi) ■ ■ -gn{z n ) 

7.2. S„ action. In this situation there is a natural action p of S„ by permuting 
the Zi i.e. for a G S„ 

p(o)(z\) = z k a[i) 

It is clear that the function /„ := f{z\) + • • • + f(z n ) is invariant under this action, 
so that we can apply the theory of [K2, K3]. We see that the representation p is 
just the dim ^4-fold sum of the standard representation of S„ on k n . 

7.3. The twisted sectors. To analyze the twisted sectors, we have to diagonalize 
the given representation. To this end, we regard the cycle decomposition and realize 
that for each cycle with index set // there is a m-dimcnsional Eigenspace generated 

by ^ 

— > z \ for I = 1 , . . . , to 
The other Eigenvectors being given by 

with Eigenvalue £n, where / : — » {l,...,n;} is a bijective map respecting the 
cycle order. 

Restricting /„ to the space where all the variables with Eigenvalue different from 
one vanish see that 

/a = f(zi = zj = u k ) if i,j e h 
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Using the variables Uk it is obvious that 

A tr = A u ~A (S W 

7.4. Restriction maps. With the above choice of Uk as variables and using Re- 
mark we find that the restriction maps are given as follows: 

k 

r a {gx®---®9n) :=(g)(II^) 

Thus these maps are just contractions by multiplication. 

7.5. Fixed point sets. By the above, we see that 

m 

(7.1) Fix(<7)=0F CT c(fc"r 
where we used the notation of 16. 31 Notice that 

(7.2) dim(K) = ml(a) codim(V CT ) = |N CT | = m\a\ 

7.6. Bilinear form on A® n . We notice that if the bilinear form on A is given by 
the element p = Hess(/) then the bilinear form on A® n is given by p® n = Hess(/„) 
and it is invariant under the S n action. Indeed det 2 (p(a)) = 1. To be more precise, 
we have that 

det(p(a)) = (~ir lal 
(Here p is of course the representation, not the element defining the bilinear 
form.) 

7.7. The Character and Sign. Notice that the character is either the alternating 
or the trivial one depending on the choice of the sign, which is determined by the 
choice of parity p and on the choice of the number of variables m. (We have to 
keep in mind that we can always stabilize the function / by adding squares of new 
variables). 

Using the equation 1)5. 6JI . we find however: 

(7.3) X a = (-1)*(-1)™H det(a) - (-1)* 
and find the sign of a to be 

(7.4) sign(a) = a + m\a\ = (m + p)\a\ 

Thus only the sign, but not the character depends on the number of variables! 

7.8. Bilinear form on the twisted sectors. Since it is always the case that 
(— l) CT Xcr = 1, we do not have to shift the natural bilinear forms on the twisted 
sectors. They are given by t]® 1 ^ or equivalently by p a = p® l ( a \ 

7.9. Remark. Notice also that since det(p(cr)) = ±1 (i.e. the Schur-Frobenius 
indicator is 1) the form r\ will descend to the S„ invariants (see e.g. [K3]). 
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7.10. Proposition. After a possible twist by discrete torsion any compatible co- 
cycle 7 is normalizable. 

Proof. We check that 7r (7 (7 T . T ) ^ for r and a transversal. Then the claim 
follows from Proposition ll.101 

Suppose r and a are transversal and say r = (ij), then i and j belong to different 
subsets of the partition 1(a) (say I(cr)i and I(a)j). So since 7 T . r ^ neither is 

tiv(7t,t)- 

More explicitly: 

* i 

(7.5) 7 TjT = r T (l T ) = ^2 1 ® • ' ' ® 1® Ofe (8)1 ® ■ • ■ ® 1® 6 fe ®1 ® ■ • ■ ® 1 

fc 

where a fc ® ^fc = ^0ei®i and A := /2 : A — » A ® A is the natural 

co-multiplication on A And 

(7.6) r g (7 T;T ) = 1 ® • • • ® 1® a k ®1 ® • • • ® 1® 6 fc ®1 ® • • • ® 1 

fc 

Thus 7t. t is not in the kernel of the contraction r„ and thus not in the kernel of 

7T CT . 

7.11. Algebraic discrete Torsion. The choices of algebraic discrete torsion are 
given by the choices of cocycles if and the sign. Since there is only one ip for a 
given choice of parity and fixing the parity the sign is determined by the number 
of variables m. 

Recall iPHTJ) 

e(a,a') = tp^, det(a\ N „, ) = (-l)-l-lk'l det(<r|^) 

and 

= (_i)p(kl+k'l+klk'l)(_i )»™(kl+k'l+klk'l+k.^'l) dim(A CT CT <) 

7.12. Reminder. Recall that the centralizer of an element er G S n is given by 

Z(ct) = J|Sjv fc k Z/fcZ** 

fc 

where iV, the number of cycles of length i in the cycle decomposition of a (cf. 16.1(1 
This result can also be restated as: "discrete torsion can be undone by a choice of 
sign" . 

We note that Z(a) is generated by elements of the type r k and c k where Tk 
permutes two cycles of length k of a and c k is a cycle of length k of a. 

Also e is a group homomorphism in both variables, so that bv !4.24l e is fixed by 
its value on elements of the above type. 

7.12.1. Proposition. The discrete torsion is given by 

f(-l)wfek|(_ 1 )m(fc-l) if a ' = Tk 
e( *' <7) - j(_l)m(*-i)(M-i) \{a' = c h 

where r k and c k are the generators of Z(a) described above. 
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Proof. 

det(T*)|jv CT = det(u)det- 1 (r fc | r J = {-l) mk {-l) m 

and 

det(cfc)|^ =det(c fe )det- 1 (c fc | T J - (-l)*"**" 1 ) 

7.12.2. Remark. What this calculation shows is that we are dealing with the 
m-th power of the non-trivial cocycle which in the case m = 1 has been calculated 
in [D2]. We again see the phenomenon that the addition of variables (stabilization) 
changes the sign and hence the discrete torsion — as is well known in singularity 
theory. Actually the whole trace i.e. the product of e and T is constantly equal 
to (— 1)J > (I <7 II CT l+M+l " ) dim(^4 (Ti(T /) which coincides with the general statement c.f. 

7.12.3. Corollary. The discrete torsion condition holds. 
7.13. Grading and shifts. 

7.13.1. Proposition. 

(7.7) s+ = d\a\, s-=0 

(7-8) s a = ~(»++0 = |M 

where s + and s~ are the standard shifts for Jacobian Frobenius algebras as defined 
in [K2,K3]. 

For the calculation of s + , we fix some a £ S„ . Let c(cr) be its cycle decomposition 
and 1(a) := {Ii, . . . Ik} be its index decomposition. Then the shift s+ can be read 
off from the definition and the identification 

|c(*)l 

A a ~ (g) A u ztA n -W 
i=i 

with the degree of A® 1 being dl, we obtain 

s+ = nd — (n — |cr|)d = d\a\ 

The shift s~ is again calculated via the natural representation p : S n — > GL(n, k). 
Recall (cf. [K3]) 



s- := ^Tr(log( 5 )) -TrQog^- 1 )) := -L(£ ~ E 

i i 

= E 2 (i^) - d 



For a cycle c of length k, we have the eigenvalues Q.,i = 0, . . .k — 1 where (k is 
the k-th root of unity exp(27riA). So we get the shift 

■.--^(i-iM-^-O-D-o 

For an arbitrary a, we regard its cycle decomposition and obtain the result. 
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7.14. Theorem. Given a Jacobian Frobenius algebra A up to a twist by a discrete 
torsion a G Z 2 (S n ,k) and supertwist £ G Hom(S„, Z/2Z) there is a unique S n 
Frobenius algebra structure on A® n . 

Proof. The uniqueness follows from fJU The existence result is deferred to 
which can be carried over verbatim. 

8. Second quantized Frobenius algebras 

Given a Frobenius algebra A with multiplication p, : A ® A — > A, we can regard 
its tensor powers T n A := A® n . These are again Frobenius algebras with the natural 
tensor multiplication p® n G A® Zn — (A ™)® 3 , tensor metric 77®" and unit 1®". 

We can also form the symmetric powers S n A of A. The metric, multiplica- 
tion and unit all descend to make S n A into a Frobenius algebra, but in terms of 
general theory [K] we should not regard this object alone, but rather look at the 
corresponding orbifold quotient T n A/S n . 

8.1. Assumption. We will assume from now on that A is irreducible and the 
degree of A is d. 

8.2. Notation. We keep the notation of the previous paragraphs: 1(a) is the num- 
ber of cycles in the cycle decomposition of a and \a\ = n — 1(a) is the minimal 
number of transpositions. 

8.2.1. Lemma. Let p be the permutation representation of S„ on A® n permut- 
ing the tensor factors. Then the following equations hold 

(8.1) Tr(p((r)) = dim(A)l(a) 

Proof. For the first statement we use the fact that entries in the standard tensor 
basis of the matrix of p(a) are just or 1. A diagonal entry is 1 if all of the basis 
elements whose index is in the same subset of n defined by the partition c(a) are 
equal. The number of such elements is precisely dim(A)l(a). 

For the second statement we notice that 

det(p(<r)) = det(p(r))W 
where r is any transposition. For r = (12) we decompose A <g) A = ®f ™ A ® © 
(©i j'en i^j e i ® e j) f° r some basis of A. Using this decomposition we find that 
indeed det(p(a)) = (— l)'"^ 2< '). For the last statement notice that 
1 /JW1 /JX . f 0(2) if dimM) = or 1(4) 

-^(a^ma)-!),^ ifdim ;^ 2or3 ; 4 j 

8.3. Super-grading. As is well known there are only two characters for S n : the 
trivial and the determinant. We will accordingly define the parity with values in 
Z/2Z 



(8.3) 




if we choose the trivial character 

if we choose the non-trivial character 
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To unify the notation, we set the parity index p = in the first case, which we call 
even, and p = 1 in the second case, which we call odd. 
In both cases 

(8.4) a=(-l) p W 

8.4. Intersection algebra structures. For u\, . . . , a m G S„ we define the follow- 
ing Frobenius algebras: 

(8.5) A a := 

(8.6) A ai fj := ( J 4®K cr i--- cr ™>\n|^«i|(CTi,...,(T m )\fi|^®Kcri,...,(T m >\fi|-| 

Notice that the multiplication fi gives rise to a series of maps by contractions. 
More precisely given a collection of subsets of n we can contract the tensor compo- 
nents of A® n belonging to the subsets by multiplication. Given a permutation we 
can look at its cycle decomposition which yields a decomposition of n into subsets. 
We define /_t(cr) to be the above contraction. Notice that due to the associativity of 
the multiplication the order in which the contractions are performed is irrelevant. 

These contractions have several sections. The simplest one being the one map- 
ping the product to the first contracted component of each of the disjoint contrac- 
tions. We denote this map by j or in the case of contractions given by 1(a) for 
some a € S„ by j(cr). 

E.g. / u((12)(34))(a®&<g>c<g)d) = ab®cd and j((13)(24))(a&® cd) = ab®cd®l®\. 

Thus we define the following maps 

(8.7) r ff : A e -> A a ; r a := pt(a) 

(8.8) i a :A a ^A e ; i a := j(a) 

Moreover the same logic applies to the spaces A (Tlj ... i(Tm and we similarly define 
?Vi,...,cr m , i<Ti,...,<r m where the indices are symmetric and maps 

'cri,...,cr m • ^ 1 cri,...,cr m _i ^ ^(Ti ,...,cr m ; l u 1 ,...,u m • -"-ai ,---,<?m -^l ,---,<?m-l 

where the again the indices are symmetric. 
We also notice that A a = A a -i and j4 CTjCr = A a . 

8.5. Remark. The sections i a also satisfy the condition 

(8.10) i a (ab a ) =ir(a)i a (b a ) 

8.6. Proposition. The maps r„ make A a , r\ G into a special S„ reconstruction data. 
A choice of parity a fixes the character to be: 

(8.11) X o - (-l) pH 

Furthermore the collection of maps rvj,'.'.'.'.'^ -1 turns the collection of A CTli ... ;(Tm 
into special intersection S„ reconstruction data. 

Proof. It is clear that all the A a are cyclic A e modules and is is clear that 
A a = A a - 1 . 

Also the r\ a remain unsealed since (— l) p ' cr 'x<r = 1- 

What remains to be shown is that the character is indeed given by \ a = (— l) p l CT l 
and that the trace axiom holds. 

This is a nice exercise. We are in the graded case and moreover the identity is 
up to scalars the only element with degree zero — unless (dim A = 1) and we are 
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in the case of pt/S n which was considered in 15.3.61 So if c e -<4.[o-,er'] : c ^ Al e then 
the trace axiom is satisfied automatically. 

Therefore we only need to consider the case c = 1 6 ^.[o-.o-'l with [a, a'] = 
e. In this case, we see that a' acts on A a ~ A® 1 ^ as a permutation. Indeed 
the normalizer of a is the semi-direct product of permutations of the cycles and 
cyclic groups whose induced action on A a is given by permutation and identity 
respectively. 

We claim the trace has the value 

(8.12) Tr^U CT , = dim(A (T , CT 

This is seen as follows. Looking at the permutation action on the factors of A a , 
we see that the trace has entries and 1 in any fixed basis of A a induced by a fixed 
choice of basis of A. The value 1 appears if the pure tensor element has exactly 
the same entry in all tensor components labelled by elements which are in the same 
cycle of a (acting on A a ). But these are precisely the elements that span A a ^i. To 
be more precise there is a canonical isomorphism of these element with A a ^i given 
by tensors of iterated diagonal maps A : A — ► A <S> A, A(a) = a <g) a. 

Thus the trace axiom can be rewritten as: 

(8-13) X*<P*,A-ir W =^Vav(-l) p|</| 

In particular if a' = e 

(-lfWdim(^ CT ) = XaTr(p( ( r)| A «„) 

so that 

xW = (-i) pkl 

Combining the above we find that: 

(8.14) X^STkfaaUJ = (-1)P(HI CT 'I+H+I CT 'D dim^,) 

which is an expression completely symmetric in a, a' and invariant under a change 
a i— » cr _1 . 

For the last statement we only need to notice that consecutive contractions yield 
commutative diagrams which are co-Cartesian. The structural isomorphisms being 
clear since they can all be given by the identity morphism — there is no rescaling. 

8.7. Proposition (Algebraic Discrete Torsion). Fix the sign = 1 and sign a = 
1 and set {-if' = det Va ,(a) = (-l) codim v CT , CV„ 1<r /) where deW ( CT ) is the deter- 
minant of the induced action of a on the fixed point set of a' . Furthermore fix \a 
by (— i)P( codlm v CT , <y a , a '))_ Then sign and the sign 17 are compatible and 

(8.15) e(a,a') = (-1)p(MI<*'I)(_i)pW (_ 1 )Kcodimv CT , (v^,)) 
or in the notation of 17.121 

[(_l)p(*M+*+i) ifa' = T k 

|(_l)p((fe-i)kl+(fc-i)) if CT ' = c & 

codim VtT , (V«t )CT ') + codim(V CT )(2) 



e(a',a) = 

Proof. First: 
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which satisfies 14.151 since 

codimv CT (V CT)(7 ') + codim(V cr ) = codim(V (T!0 -') = codimy^, (Va,a') + codim(V (T /) 

Now just by definition 

e((T,cr') = (-l)P(l CT H' T 'l)(-l)Pl' T l(-l)P( codimv CT '( v -,-')) 

and lastly: codimy CT (V Tk ,(j) = 1 and codimy^ (V Ck , cr ) = 0. 

8.7.1. Remark. This algebraic discrete torsion indeed reproduces the effect that 
turning it on yields the super-structure on the twisted sectors as postulated in [D2] . 
The computation of the discrete torsion in [D2] was however done for pt/S n with the 
choice of cocycle 7 given by a Schur multiplier, see 12. 3. 21 The current calculation 
explains how the non-trivial Schur-multiplicr used to twist by a discrete torsion 
behaves like a supertwist. In terms of 16. 10.31 one can see this as the fact that in 
both twists -super and non-trivial discrete torsion- q = 1. 

8.8. Proposition. After possibly twisting by discrete torsion any cocycle 7 com- 
patible with the special reconstruction data is normalizable and hence unique after 
the normalization. 

Proof. Verbatim the proof of 17.101 

So from now on we can and will deal with normalized cocycles. 

8.8.1. Lemma. For any minimal decomposition T of u' into transpositions a' = 

(8.16) r a (i a ) 

i 

Proof. Notice that I a = I Ti and thus I a Y\ ieI 7 Ti = 0. Furthermore 
deg(rU/7r,) = d|tr| - s+(a) = 2d a = deg( 7(7)(r - 1 ) and dim(J a )*W = dim(A® n ) - 
1 where the superscript denotes the part of homogeneous degree. This follows from 
the equalities: dim = dim(Ker(rv (<t) )) = dim(/l® n ) - dim(Im(r^ (a) )) = 

di m (A®") - 1. We split (A® n ) dl ^ = (I a ) dl ^ © L where L is the line generated 

by ia(Pa)- 

We have to show that 

iel 

This is certainly true if deg(6) ^ dn — d\a\ = dl(a) since then both sides vanish. 
This is also the case if b G I a . It remains to show that ^(Jlie/ 7t 4 ,t 4 ) v(p<r)) = 1- 

We do this by induction on \<j\, the statement being clear for \a\ = 1. Let 
T \<y\ — (u) an( i se t c' = aT \a\ then 

which follows from the equation p ® I7(i2),(i2) — P ® P an( i its pull back. So 
|cr| — 1 I o- 1 — 1 

i=l i=l 

Another way to see this is to use the isomorphism A a ~ -A Tl) ... lT , , and the iterated 
restriction maps for the pull-back, noticing, that indeed the 7 T . r pull back onto 
each other in the various space. 

Using the same rationale we obtain: 
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8.9. Corollary. 

(8-17) *?J(V)=W( II Tr t ,r 4 ) 

where /^o-/ = {i e / : \(aa' ,t)\t%\ < \(aa')\n\} or in other words the 7t ( ,t< that do 
not get contracted. 

8.10. Grading and shifts. The meta-structure for symmetric powers is given by 
treating A n as the linear structure, just like the variables in the Jacobian case. In 
particular we fix the following degrees and shifts 

deg(l ff ) = d\a\ 

4 = d\ C (a)\, S~=0 

s« = \{st + s-) = ^\c{a)\ 

Notice that as always there is no ambiguity for s + , not even in the choice of 
dimension of A a , but the choice for is a real one which is however the only 
choice which extends the natural grading if A is Jacobian. 

This view coincides with the realization of A® n as the n-th tensor product of the 
extension of coefficients to A of the Jacobian algebras for f = z 2 . 

8.11. Notation. The geometry of S„-Frobenius algebras is given by the subspace 
arrangement of fixed point sets V a = Fix(cr) C k n of the various a 6 S„ acting on 
k n as well as their intersections V a „i =V a D V a ' , etc., which were introduced in ^ 

Recall that \a\ — codimy (V a ). We also define \a, a'\ := codim(V £J R V a r) and set 



<W := ^deg(7 ., ff /) = -(\a\ + \a'\ - \aa'\) 

n<r,v< ■= ^deg(f^,(l . i(T /)) = coding, (V CTjCT /) 
= W,a'\-\aa'\ 

9a,cr' ■= 3 deg(%^,) = d a ,<7' - n a ,a> 
a 

(8.18) = ±(\a\ + \a'\ + Wa'\-2\a,a>\) 

Now given two elements a, a' S S„ their representation on k n naturally splits k n 
into a direct sum, which is given by the smallest common block decomposition of 
both a and a'. More precisely: 

Fix the standard basis e, of k n . For a subset B £ n we set Vb = © ie s ket C k n . 
Given cr, a' we decompose 

V : = fc " = V B 

B£(<T,a')\n 

and decompose 

(8.19) v a , B - v a , a = V a , a;B 

B£(a,a')\n Be(<J,cr')\n 

where V a -s ■— V a H Vb] Vo.o'-.b '■= V a , a > (~l Vb and we used the notation of 16. II 
Notice that dim(V r CT:0 -' ; s) = 1 and we can decompose j 9l h = (^) B 7g,h ; s- 
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Using the notation: 

\(t\b ■= codim VB (V CT; B), c'|b := codim VB ( v cr,o-;B) 

set 

d a ,a>:B ■= ^(W\b + W\B ~ |0-,0-'|b) 

n-a.a'-.B ■= |cr,o-'| B - |crcr'| s = codimv CT „,. B (V CT)CT ' ; B) 

3a,a';B ■= da,o';B ~ n aa ,, B = ~ deg^ a > - B ) 

d 

(8.20) = ^(\a\ B + \a'\ B +\aa'\ B -2\a,a'\ B ) 

Notice that all the above functions take values in N. 

8.11.1. Triple intersections. For any number of elements (Ji we can analo- 
gously define the above quantities. We will do this for the triple intersections, since 
we need these to show associativity and although tedious we do this in order to fix 
the notation. 

We regard the triple intersections V a ,a',a" = Va H V a * H V a " ■ 

Recall that \a\ — codimy(V^). We also define \a,a',a"\ := codim(T4,<r',o-") and 

set 

da.a'.a" ■= ~, deg(7 CT . (J / "f aa , „n ) 

d 

= \{W\ + W\-\aa'\ + \aa'\ + \a"\-\aa'a"\) 

= \{\c7\ + \a'\ + \a"\-\aa'a"\) 

n a ,a',a" ■= ^ deg(f ™',<^'„ {!„,„> „»)) = coding, „„ ( V a ,a' ,a" ) 
= \a,a',<j"\-\aa'a"\ 

g<y,a>,a> ■= 2 d e g(7^<T',(T") = d a ,a',a" - n a ,<T',<r" 

(8.21) = l(\ a \ + \a'\ + \a"\ + \aa'a"\-2\a,a',a"\) 
where ^ a a ^ a n was defined in l|4.7|) . 

As above given three elements a,a',cr" 6 S„ their representation on k n nat- 
urally splits k n into a direct sum, which is given by the smallest common block 
decomposition of a, a' and a'. More precisely: 

Again, fix the standard basis e{ of k n . For a subset B 6 n we set Vb = 
©ies ^ Given a, a' we decompose 

V := k n U B 

B^l(<7,(7' ,tj" )\n 
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and decompose 

V a = Va,B\ V„ t<r > = V^, B 

Be((J,a' ,a")\n Be (a,a' ,a")\n 

(8.22) V a ^, a n = Va^^-B 

where K ; b := K n Vb; := n V B V a ,^ ta ». B := V a ,a',a" H 

Notice that diir^V^'^'^s) = 1. 
We will also use the notation: 

\<j\b ■= codim VB (V CT: B), |cr, o-'| B := codimv B (Vo-, ct; b ) 

and 

\a,a',a"\ B ■= codimv B (V -, CT , -»;B) 

8.12. The cocycle in terms of 7 TjT s. Let j a ,a' be given by the following: 
For transversal a, a' we set "fa,ir' = 1- 

If a and a' are noi transversal using Theorem 16 . 131 we set 

»V,o-'(7a,a') = W(JJ7t 4 ,t 4 ) = JJ Kcra'dn^i) JJ W(7tj,t 3 ) 

iez ie/' jei" 

(8-23) =: 
where 

I' = {i <E I ■■ T<r,<T'(7Ti,T 1 ) = -W(7r 4 ,T<)} 

(8-24) /" = {* e / : 7r CT ,^( 7r( , ri ) ^ w(7h,t«)} 

and 7o . ;0 .> e ^(A,^) 

8.13. Proposition. The equations of 18.121 are well defined and yield a group co- 
cycle compatible with the reconstruction data. Furthermore 

(8-25) 7c ^, - O(W) 

(8-26) % >a , = (g) e^.*)) 

B6(cr,<r')\fi 

(8-27) = r™',( (g) e»(^'- B ))=^(7 ff ,fc) 

G{o\<r')\n 

Proof. We need to check that indeed equation (|8.23|) is well defined. From 
Lemma l&.8.1l and the Corollarv l8 . 91 we know that (|8.25|) is true and that the product 
over I" is well defined. 

For (|8.26() we notice that if a 7 Ti ,Tj gets contracted, then 

(8.28) 7w(7 n , Ti ) = l<g>---®l®e(8>l<g>---®l 

where e = /i/i(l) is the Euler class which sits in the image of the fc-th factor which 
is the same as the image of the Z-tfi factor under the map ~K a ^ if Tj = (hi). 

The well definedness then follows by decomposition into Voo 1 ,b from the state- 
ment for one-dimensional V aj0 -' where it is clear from grading. 

Finally (|HT7|l follows from ijQjjl and (|H^6) via Proposition PI 
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For the associativity we use the general theory of intersection algebras 14. 91 Here 
we notice that indeed the number of 7t 4 ,t 4 '■ i & I" contracted in each component 
B by r^, a „ is given by 

(8.29) 7W;b - \<r, a', a"\ B + \ad , o"\b 

= \a, g'\ b - \og'\ b - \a, a', a"\ B + \aa' , u"\ B := q{a, a', a"; B) 
so that by commutativity of i|4.6|) 

B 

and thus the "f 1 match also by commutativity. What remains to be calculated is 
the power of e in each of the components B. This power is given by 

1(W<?'\b + W'\ B + W<*"\b - 1W>o"\b) 

+ \{W\B + W\B + \<y<T'\B-2\a 1 <j l \ B ) 

+ (\a,a'\ B - W\ B - \a,a',a"\ B + \aa',a"\ B ) 

= \(W\b + W'\b + W"\b + W<t"\b - 2\a 1 a',a"\ B ) 

— 9a,a',a";B 

q.e.d. 

Putting together the Propositions 18 . 81 and 18 .131 of this section we obtain: 

8.14. Theorem. There exists a unique normalized cocycle compatible with the 
above special reconstruction data. There is only one compatible cocycle in the all 
even case. 

In the super-case there are two choices of parity for the twisted sectors: all even 
or the parity of p\a\ = \a\(2). Fixing the parity fixes the non-abelian cocycle. 

In other words, there is a unique multiplicative S n Frobenius algebra structure 
on the tensor powers of A and there are two G-actions labelled by parity. 

8.15. Definition. We call the symmetric power of a Frobenius algebra the S„- 
twisted Frobenius algebra obtained from T n A, (r a ) by using the unique normalized 
cocycle with all even sectors and the super-symmetric power of a Frobenius algebra 
the S„-twisted Frobenius algebra obtained from T n A, (r CT ) by using the unique 
normalized cocycle with the parity given by A a = \a\ (2). 

8.16. Definition. We define the second quantization of a Frobenius algebra A to be 
the sum of all symmetric powers of A and the second super-symmetric quantization 
of a Frobenius algebra A to be the sum of all super-symmetric powers of A. We 
consider this sum either as formal or as a direct sum, where we need to keep in 
mind that the degrees of the summands are not equal. 

8.17. Comparison with the Lehn and Sorger construction. In [LS] Lehn 
and Sorger constructed a non-commutative multiplicative structure in the special 
setting of symmetric powers. By the uniqueness result of the last section we know 
— since their cocycles are also normalized — that their construction has to agree 
with ours. In this section we make this explicit. Our general considerations of 
intersection algebras explain the appearance of their cocycles as the product over 
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the Euler class to the graph defect times contribution stemming from the dual of 
the contractions. 

8.17.1. Definition. (The graph defect) For B G (a, a') \n define the graph defect 
as [LS] 

(8.30) g(a,a';B) := + 2 - \(cr)\B\ \{a')\B\ - \{a,a')\B\) 

The equality of the two multiplications follows from: 

8.17.2. Proposition. 

g(a,a';B) = g a ^'-B = ^(W\b + W\b + \<Jct'\b - 2|</, <7'| B ) = d a ,a'-B - n a ^, B 
Proof. By the above: 

g(a,cr';B) = ^(dim(V B ) + 2 dimy B (V ct ,o-';b) - dim(V a ,B) - 
- dim(Vv' ; _B) - dim(V aa '- B )) 
= ^(dim(VB) - dim(K,B) + dim(VB) - dim(^ ;B ) 

+ dim(V B ) - dim(Vw ;S ) - (2dim(F B ) - dimy B (V^ ; b))) 

= 1(W\b + \<?'\b + Wv'\b~2W,<t'\b) 

8.17.3. Remark. The above equation makes it obvious that j£N, since d CTi(T < ;B , 
n a ,a'-,B G N and both \a\ + \a'\ > \<t,<t'\ and \aa'\ > |cr, a'\. The first inequality 
follows from V a ,a' —V a C\ V a > and the second one from V a ,o' C V aa ' ■ 

8.18. Remark. The change of sign needed to recover the cohomology algebra of 
the Hilbert scheme of a K3 surface can also be obtained by a twisting with a 
discrete torsion. To be precise by the normalized discrete torsion class a defined 
by a(r,T) = -1 (r e S n , |r| = 1), see 

Appendix A 

A.l. Theorem. Any normalizable non-abclian S„ cocycle (p with values in k* can 
be normalized after a rescaling and then one of the following holds: Ver, t,\t\ = 1 : 

<AX,T = 1 

We call this case even and set the parity p = 0. Or Vcr, t\t\ = 1 

<P*,T = (-1) W 

We call this case odd and set the parity p = 1. In unified notation: 

(A-1) <^, T = (-1) PH 

withpe {0,1}. 

Proof. By assumption 

(A-2) Vr, r', |r| = |r'| = 1, [r, r'] = e: y T , T , = (-If 

We will show by induction that we can scale such that 

(A-3) Vr,r', \t\ = \t'\ = 1, [r,r'] ? e : <p T , T , = {-If 
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Combining l|A-2jl and (|A-3|) : 

(A-4) Vr,r';|T| = |r'| = l:^,r' = (-ir 

Induction for (|A-4|) . 

Assume that (|A-4|) holds for r, r' G S„ C S„ + i. 
Now scale with 

■= (-l) P( y5(n-ln+l),(nn+l) for J, j < n 



(A-5) 

n+l),(n n+1) 

Notice this implies that 



= (- 1 ) P V(jn),(nn+l) for i < 71 
= 1 



'(nn+1) 



^(m),(nn+l) — ~i <P(in),(nn+l) 

'(iri+l) 

(a-6) = (-ir — - — ^). ( „ n+ i) = (-i) p 

¥'(ira),(nn+l) 

(A-7) <P(in),(in+l) = = (~ X ) P 

(A-8) "£(«),(«) = V(u),(fci) = ( _1 ) P if < 

where the last statement follows by induction. 
We need to show 

(A-9) £ T , T , = (-If 

For n = 2 the statement is true. 

So we assume n > 2 and by assumption: 

(A-10) Vr, r'; |r| = |r'| = 1; [r, r'] = e : ^ = (-If 

Thus by induction l|A-6(l - (|A-8|l and l|A-10(l . we need to check the cases 

i) t = {ij),T' = (jn+ G {1, . . . , n - 1}; i ^ j 

ii) t = (in + l),r' = (jn+ j G {1, . . . ,n},i ^ j 

iii) r = (zn+ 1),t' = € {1, . . . ,n},i ^ j 

Notice that ¥>(i n +i),(y) = <^ n _|_-n (jn+i) ana - thus ii) implies iii). Else iii) follows 
by ljA-6(l and thus it suffices to show i) and ii). 
For i) 

- 7 V{ij),{jn+X) - — f{ij),{jn+l) 

l (in+l) f(in)(nn+l) 

^P(jn),(nn+ n+l)V iij) ,{j n+1) ~ l P(in)(ij)(jn),(n n+1) 

= ¥>(ij),(.nn+l) = 

by |A~lO|l . 

for ii) If j = n then 



'(nn+1) _ (— 1) P 

— ; ¥(in+l),(' 

so if i = n - 1 ^( n _ ln+ i) i( „„ + i) = (-1) 



V 3 (i Ti+4),(riri+l) — — ; </?(i n+l),(n n+1) — f (i n+1) ,{n n+1) 

'(ij) ^(n-ln+l)(tin+l) 
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If i ^ n — 1 then 

/ 1 \p '/'(i ti+l),(nn+l) / 

(-J-j = (-J-J V(n-ln+l),(n-ln)V(in+l),(nn+l) 

V(n-ln+l)(nn+l) 

= (— l) P </?(in+l)(n-lri+l),(™-ln) 

= (-l) P </5(„-l J )(i„ + l) ; („-l„) 

= (-l) P ^(„-l J ),(„-l„)< y 5( J „ + l) i („-l„) = 

- _ kjn+l) _ fUn)(nn+l) 

<P(in+l),(jn+l) - —, V(in+l),(jn+l) - ~ <P(i n+l),(j n+1) 

'(ij) V(n-ln+l)(nn+l) 

= ^(jn),(riri+l)^(n-lri+l),(n-lri)^(iri+l),(;/n+l) 
= V 5 (in+l)(jn)(n-ln+l),(n-ln) 

Now first assume {i, j} D {n — 1, n} — then 

^(tn+l)(in)(n-ln+l),(n-ln) = n-l)(ii-H)(jn),(n-l n) 

= ^(jn),(n-ln)¥>(n-li),(n-lj)P(n-ln+l),(i;7) = ( _1 ) P 

Case 2a) ? = n, j = n — 1 then 

V(tn+l)t77i)(n-ln+l),(n-ln) = ^(nri+l)(n-ln)(»-ln+l),(n-ln) 

= V(n-ln),(n-ln) = (~1) P 

Case 2b) i = n, j ^ n — 1 

¥'(in+l)(jn)(n-ln+l),(ra-ln) = "?(nn+l)(jn)(n-ln+l),(ii-lt») 

= < P(n-ln)(jn)(jn+l),(ri-ln) 

= ^(n-ln),(jn-l)^(jn),(n-ln)¥'(.jn+l),(n-ln) = (~ 1) P 

Case 3) i = n — l,j^n 

¥>(in+l)(jn)(n-ln+l),(n-ln) = V(n-1 n+l)(jn)(n-l n+l),(n-l n) = VC?'")^"- 1 ") = (~1) P 

Case 4) j = n — 1, i 7^ n 

^(in+lXn-l n)(n-l n+l),(n-l n) = <£( nn— l)(rt— 1 n+l)),(n— In) 

= ^(riri-l)(m)^(ri-li)Xri-ln)^(iri+l)),(ri-lri) = (-1) P 

Finally if a = nll'i n 

W\ 

^r = n^,n = (-l) pM 

i=l 

with fj = dljii+i T i) T (]l|,ii+i Ti)" 1 * \n\ = M = 1 which proves the Theorem. 
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Appendix B 

B.l. A detailed proof of Theorem 16. 131 We will assume by induction on r that 

(B-l) 7^ = 1 for |t'| = 1, \a'\ < r - 1 and l a = 1 for \a\ < r 

Fix a with \a\ = r + 1. We need to show that indeed for two decompositions 

(B-2) a = u't' = a"r" 

indeed 

(B-3) Y CT / )T ' = J a ".r" 

We set a 1 " = ot't" and r'" = t't"t'. It follows 

cr=(T r,(T =cr r ,r 7= t 
If |ct'"| =r - 1, we find 

la' ,t' la"' t" ,t'i<t"' ,r" la'" ,t"t'it" ,t' 

la"' ^t"'t"^/t'" ,t" 7ct'" t'" ,r" \a'" ,r'" la", r" 

If |(t"'| = r + 1 then if r' = (?//), r" = (kl), i,j,k,l must all lie in the same 
cycle. 

Without loss of generality and to avoid too many indices, we assume that this 
cycle c is just given by c = (12 • • -h) for some h < r + 2. First assume that 
{hi} H {k,l} = 0. We can then assume i < j, k < I and i < k. Then there are 
three possibilities: i<j<k<l,i<k<l<j and i < k < j < I where the first 
two have \a'"\ = r — 1. 

So fix i < k < j < I. We see that we can decompose 

a' = a(ilh)(kj), a" = a(ikh){jl) 

with 

a = a(hljki) and \a\ = r — 3 

Now 

7a>,T> = la{ilh){kj),(ij) = la(ilh)(kj),(ij)la(ilh),(kj) = la(ilh),(kj)(ij)l(kj),(ij) 
= la(ilh),(ik)(kj)l(ik),(kj) = la{Uh){ik),{kj)la{ilh),{ik) = la(iklh),(kj) 
= la(ikh)(kl),(kj)la(ikh),(kl) = la(ikh),(kl)(kj)l(kl),(kj) 
= la(ikh),(jl)(kl)l(jl),(kl) = la{ikh)(jV),{kl)la{ikh),{jl) = la(ikh)(jl),(kl) 
= J<t»,t" 

since |cr(zZ/i)| = |ct(z/c/i)| = r — 1. 

If H {A;, Z}| = 1 then we can assume that j = k and i < Z which leaves us 

with the cases: i<j<l,j<i<l and i < I < j; where in the first two cases 
\a"'\=r-l. 

Now assume i < j < k. We can decompose 

a = a(ilh), a" = a(ijh) 

with 

a = a(hlji) and |cr| = h — 4 
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And 

7<x',r' = la{ilh),{ij) = lB{il){lh),{ij)l»{il),{lh) = la{il),{lh){ij)l{lh),{ij) 
= la(il),{ij)(lh)1(ij),(lh) = lt(il)(ij),{lh)l<Hil),{ij) = l»(ijl),{lh) 

= 7<x",t" 

since |cr(i/)| = tr(ij)| = r — 1. 
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